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Abstract
Let G = (V(G), E(G)) be a graph and let ¢:V(G) — {0,1,2} be a function on G. For each i € {0,1,2}, let
Vi ={v e V(G): ¢(v) = i}. Then ¢ can be represented as ¢ = (V,, V4, V). A function ¢ is a fair secure
Roman dominating function (FScRDF) on G provided that for every v € V, there exists u € V, such
that dg(u,v) =1, ¢* = (Vo \ {v}, V1 U {v,u}, V> \ {u}) is a Roman dominating function (RDF) on G,
and for every x,y € Vg, | Ng(x) NV, =] Ng(y) NV |= 1. The weight of FScRDF ¢ on G, denoted by
WESCR(¢), is defined as the sum wESR(p) = erv(c)¢(x) =|Vi | +2 |V, |. The fair secure Roman

domination number of G is defined as the minimum weight of an FScCRDF ¢ on G, and is denoted by
Yrscr(G), that is, yesr(G) = min {wfF(¢p): ¢ is an FScRDF on G}. Every FScRDF ¢ on G that satisfies
WESR(@) = Yrser(G) is called a Ypgegp-function on G. In this paper, the authors introduce the idea of
fair secure Roman domination in graphs as a new parameter and discuss some important combinatorial
results.

Keywords: Fair domination; Fair secure Roman dominating function; Fair secure Roman domination
number; Roman dominating function; Secure domination.

Abstrak

Misalkan G = (V(G), E(G)) adalah graf dan ¢:V(G) — {0,1,2} adalabh fungsi di G. Untuk setiap i € {0,1,2},
misalkan Vi = {v € V(G): ¢(v) = i}. Fungsi ¢ dapat disajikan dalam bentuk ¢ = Vo, V1, V). Fungsi ¢
dikatakan suatu fungsi mendominasi Roman aman cukup (fair secure Roman dominating function; FScRDF) di G
apabila untuk setiap v € Vg, terdapat w € Vy sebingga dg(u,v) =1, ¢* = (Vo \ {v}, V1 U {v,u}, V> \ {u})
adalab snatu fungsi mendominasi Roman (Roman dominating function; RDF) di G, dan untuk setiap x,y € Vy, |
Ng(x) NV, |=| Ng(¥) NV, 1= 1. Bobot dari FSCRDF ¢ di G, dinotasikan dengan wESR(p), didefinisikan
sebagai jumilah wESR(P) = Zx v ©) O(x) =\Vy | +2 | V, |. Bilangan dominasi Roman aman cukup dari G
didefinisikan sebagai bobot minimum dari suatu FScRDF ¢ di G, dan dinotasikan dengan Ypscr(G), yakni,
Yrser(G) = min {wESR(p): ¢ adalah snatu FSRDF di G} . Setiap FS(RDF ¢ di G yang  memenubi
WESR(P) = Vipser(G) disebut suatu fungsi-Ygseg di G. Dalam paper ini, penulis memperkenalkan gagasan dominasi
Roman aman cukup pada graf sebagai suatn parameter baru dan mendiskusikan beberapa basil kombinatorial penting.
Kata Kunci: Dominasi cuknp; Fungsi mendominasi Roman aman cukup, Bilangan dominasi Roman aman cukup,
Fungsi mendominasi Roman, Dominasi aman.

2020MSC: 05C69

1. INTRODUCTION

Roman domination in graphs was pioneered by Cockayne et al. [1] in the year 2004, and its
concept is founded on a historical defense strategy in the Roman Empire during the fourth century
A.D. Roman domination has now become a famous parameter in domination theory in graphs and is
considered an interesting topic, for which many discrete mathematicians are contributing papers that
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involve the said concept. Some interesting papers that involve Roman domination in graphs are found
in [2, 3, 4]. In 2003, the paper of Cockayne et al. [5] introduced a new restricted variation of
domination in graphs called secure domination, and in 2012, Caro et al. [0] initiated the concept of
fair dominating set in graphs. Recently, Enriquez [2][7], during the year 2020, combined the concepts
of fair domination and secure domination and came up with an interesting parameter called fair secure
domination in graphs. Henceforth, the author is inspired to combine the idea of fair secure domination
and the Roman dominating function and come up with a new restricted parameter in domination
theory. The purpose of this study is to address the shortcomings of existing Roman domination in
graphs and strengthen its strategic defense, thereby contributing to the body of knowledge in graph
theory.

2. DEFINITIONS

For the terminologies and definitions of the concepts in graph theory used in this paper, the
readers may refer to [8, 9]. Let G = (V(G), E(G)) be a simple and finite graph of order n = 1. Let D
be a subset of V(G). Then set D is called a dominating set of G provided that for every V(G) \ D is
adjacent to some vertex in D [10]. The domination number of G is denoted by ¥ (G) and is defined as the
minimum cardinality of the set D on G. If | D |= y(G), then a set D is called a y-set on G. For some
studies on dominating set in graphs, the readers may refer to [11, 12, 13, 14, 15]. Let F be a proper
subset of V(). Then F is called a fair vertex set on G provided that forany x,y € F, | Ng(x) N (V(G) \
F) 1=I Ng(¥) N (V(G) \ F) I> 0. Let Df be a subset of V(G). Then Df is called a fair dominating set of
G if every vertex in V(G) \ Dy is adjacent to some vertex in Dy and the set V(G) \ Dy is a fair vertex
set on G, that is, for every x,¥ € V(G) \ Df, | Ng(x) N D |=| Ng(y) N Dy 1> 0 [6]. The fair domination
number of G is denoted by fd(G) and is defined as the smallest cardinality of Fy on G. If | Dy |=
fd(G), then the set Dy is called an FD-set on G. Let S be a subset of V(G). Then Sis called a secure

dominating set of G if for every v € V(G) \ S there exists u € S such that dg(u,v) = 1 and the set
S\ {u} U {v} is a dominating set on G [5]. The secure domination number of G is denoted by y5(G) and is
defined as the smallest cardinality of S on G. If | § |= y5(G), then the set S is called a yg-set on G.
Let F; be a subset of V(G). Then F is called a fair secure dominating set of G provided that for every v €
V(G) \ F; there exists u € F; such that dg(u, v) = 1, the set F; \ {u} U {v} is a dominating set on
G, and for every x,y € V(G) \ K, | Ng(x) N F; |=| Ng(y) N F; |= 1 [7]. The fair secure domination nunber
of G is denoted by ¥¢s(G) and is defined as the smallest cardinality of F; on G. If | F; |= yf5(G), then
the set F§ is called a ygs-set on G.

Let ¢:V(G) - {0,1,2} be a function on G. If we let V; = {u € V(G): p(u) = i}, for each i €
{0,1,2}, then ¢ can be represented as ¢ = (Vy,Vy,V,). A function ¢ = (V, V4, V) is called a Roman
dominating function (RDF) on G if for every vertex v € Vj there exists u € V, such thatdg(u,v) =1
[1]. The weight of function ¢ on G, denoted by w& (), is defined by wk(¢) = zwev(a) ow) =V, |
+2 | V, |. The Roman domination number of G, denoted by yg(G), is defined as the minimum weight of
an RDF on G, that is, yg(G) = min {w&(¢): ¢ is an RDF on G}. Moreover, every RDF ¢ on G with
wf () = ygr(G) is called a yg-function on G. A function ¢ is a fair secure Roman dominating function
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(FS¢RDF) on G provided that for every v € Vj, there exists u € V, such that dg(u,v) =1, ¢* =
Vo \ {v}, V1 U{v,u}, V, \ {u}) is an RDF on G, and for every x,y € Vo, | Ng(x) NV, |=| Ng(y) N V5 |
> 1. The weight of FScRDF ¢ on G, denoted by w&R(¢), is defined as the sum wfR(¢p) =
zx v (6) ¢ (x) =IVy | +2 | V, |. The fair secure Roman domination number of G is defined as the minimum

weight of an FScRDF ¢ on G, that is, Ypscg(G) = min {wE R (¢): ¢ is an FScRDE on G}, and is
denoted by ypscr(G). Every FScRDF ¢ on G that satisfies wE3F (@) = ypser(G) is called a Ypger-
function on G. In this paper, we introduce the idea of fair secure Roman domination in graphs as a
new Roman domination parameter and provide some important combinatorial and graph-theoretic
findings.

3. RESULT

This section explores the combinatorial properties of a fair secure Roman dominating function
and characterizes the function on some classes of graphs.

Theorem 1. Let G be any graph and let ¢ = (V,,V,,V,) be a FScCRDF on G. If for eachu € V,, |
Ng(u) NV, 1= 2, then forany x,y €V, | No(x) NV, I=I Ns(y) NV, |= 2.

Proof.
Let ¢ = (V,,,V,,V,) be an FScRDF on G. Suppose that for each u € V,, | Ng(u) NV |= 2. Assume for

a moment that for any x,y €V, | Ng(x) NV, I=I Ne(¥) NV, IS L.If | Ng(x) NV, I=I Ne(y) NV, |
= 0, then it means that V,, is not a dominating set on G. This contradicts the definition of RDF on G.
Now, consider | Ng(x) NV, |=I N¢(y) NV, |=1.Letw € Ng(x) N V,. Then w € V,. By assumption,
it follows that | Ng(w) NV, |= 2. This implies that there exists z € V{, \ {x} such that dg(z,w) = 1.
Now, consider the function ¢* = (V; \ {z}, V; U {w,z},V, \ {w}) on G. However, Ng(x) N (V, \
{w}) = @, implying that ¢* is not an RDF on G, a contradiction. Therefore, we conclude that for any
x,¥y €Vy, | Ng(x) NV, |=I Ng(y) NV, 1= 2. This completes the proof. [ |

Theorem 2. Let G be a graph with | V(G) |=n and let ¢ = (V,,V,,V,) be a Ygg.g-function on G. If
for eachu € V,, | Ng(u) NV, I1=1, then for any x,y € V,, | No(x) NV, I=I Ns(y) NV, |= 1. In that
case, | Vy |=1V, | if and only if Ypger(G) = n.

Proof.

Let p = (V, V1, V) be a Ypscp-function on G of order n. Suppose for each u € Vo, INg(w) NV, |I= 1.
Assume for a moment that for any x,y €V, | No(x) NV, I=| N (y) NV, |# 1. If | Ng(x) NV, |=|
Ng(y) NV, |= 0, then V, is not a dominating set on G, a contradiction to the definition of RDF on G.
If I Ng(x) NV, I=I Ng(y) NV, = 2, then it follows that there exists w € V, such that | Ng(w) NV [> 1.

This is a contradiction to our assumption. Thus, for any x,y € V;, | No(x) NV, |=I No(y) NV, |= 1.
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Now, since for every v € V,, | Ng(v) NV, |= 1, itimplies that the mapping f: V, = V, is a one-to-one
and onto, and thus, | V, |=| V; |. In that case, we obtain sz (G) = wER (@) =1V, [ +2 1V, |=I V| +]
Vi | +1V, 1= V(G) I= n. Conversely, suppose Yrscr(G) = n. Assume for a moment that | Vy, |#] V, |.
Then cither | Vo 1>V, [or | Vo I<IV, | IE IV 1>V, |, then yeser(G) = wf*R Q) =1V, | +2 1V, I<I V; |
+1V, | +1V, 1= V(G) |=n, a contradiction. If | V, I<| V, |, then Ypser(G) = wgR(A) =1V, | 421V, |
>|Vy | +1V, 1 +1V, |=1V(G) |=n, a contradiction. Therefore, we conclude that | V; |=| V, |. This

completes the proof. [
The corollaries below are quick from Theorem 2.

Corollary 3. Let G be a graph and let ¢ = (V,V;,V,) be an FScRDF on G. If for each v €V, |
Ng(v) NV, |= 1, then there exists u € V, such that Ng(u) NV, = {v}.

Corollary 4. Let G be a graph and let ¢ = (V,,V,,V,) be a Ygscg-function on G. Then yrger(G) < n
itand only if | V,, I<I V I.

Theorem 5. Let G be a graph with | V(G) |=n and let ¢ = (V,,V,V,) be an FScRDF on G. Then (i)
V, UV, is a fair secure dominating set on G; and (ii) ¢ is a Ypscg-function on G implies that V, = @ if

and only if V, = @. In that case, Yrscr(G) = n.

Proof.

Let ¢ = (Vy, V4, V;) be an FScRDF on G. Then it follows that for each v € V), there exists u € V,
such that uv € E(G), that is, Vo S Ng[V,], ¢, = (Vo \ {v}, V1 U {v,u}, V5 \ {u}) is an RDF on G, and
for every x,y €Vy, INg(x) NV I=I Ng(y) NV = 1. Let S=[(V;UV)\{u}]U{v} and let w e
V(G)\S. Thenw € (Vo \ {v}) U {u}. Suppose w = u. Then v € S N Nz (w). Moreover, we suppose
that w # u. Then w € V \ {v}. Since ¢, is an RDF on G, there exists a € (V, \ {u}) N Ng(w).
Hence, a € S N Ng(w). Consequently, S is a dominating set on G. Therefore, V; UV, is a secure
dominating set on G. Since for every x,y € V, | Ng(x) NV, =] Ng(y) NV, |= 1, it means that
V1 U V; is a fair secure dominating set on G. Thus, (i) holds. Next, we let ¢ be a Ypgcp-function on G.
Suppose that Vy = @. Assume for a moment that V, # @. Let u € V,. Then set Uy =V, Uy = V; U
{u}, and U, =V, \ {u}. This implies that ¢" = (U, Uy, U,) is an FScRDF on G. Now, w&F(¢") =
LU 421U, 1= (Vi T +D) + 20V | =D =1V 1421V, | =1 < wESR(¢) = Ypser(G) . This is a
contradiction. Hence, we obtain V, = @. As for the converse, we suppose that V, = @. Since ¢ is a

Yrscr-function on G, it simply follows that Vy = @. Therefore, by Theorem 2, we conclude that

Yrscr(G) = n and hence, (ii) is satisfied. This completes the proof. [ |

Theorem 6. Let G be a graph and let ¢ = (V,,,V, = @,V,) be an FScCRDF on G. Then V, is a minimal
fair secure dominating set on G if and only if for each u € V,, there exists a vertex v € V|, such that
Ne(w) NV, ={u}orvw & E(G) forallw € (V; UV,) \ {u}.
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Proof.
Let ¢ = (V,,V,V,) be an FScRDF on G. By Theorem 5(i), it follows that V; UV, is a fair secure

dominating set on G.
(=) Assume that V; UV, is 2 minimal fair secure dominating set on G. Then for every u € V; UV, it

implies that (V; U V,) \ {u} is not a fair secure dominating set on G. This follows that there exists v €
V(G)\ (V; V) \ {u}) such that dg(v,w) # 1 for allw € (V; UV,) \ {u}. Suppose that v # u. It is
worth noting that V; UV, is a fair secure dominating set on G; hence, v must be fair secure dominated
by V,, that is, there exists x € V,, such that xv € E(G). Consequently, this follows that dg(u,v) =1
and thus, Ng(v) NV, = {u}. On the other hand, suppose v = u. This means that dg (v, w) # 1 for
everyw € (V; UV,) \ {u}.

(&) Conversely, assume that for every u € V,, there exists v € V; such that N;(v) NV, = {u}. Then
every U € V,, is not fair secure dominated by the set (V; UV,) \ {u}. Suppose that for every u € V,, we
have dg(u,w) # 1 for any w € V, \ {u}. This follows that ucannot be fair secure dominated by any
vertex w € (V; UV,) \ {u} and hence, (V; UV,)\ {u} is not a fair secure dominating set of G.
Therefore, we conclude that V; UV, is a minimal fair secure dominating set on G.

This completes the proof. [ ]

Theorem 7. Let G be a graph and let ¢ = (V,,V,,V,) be a Ypgep-function on G. If | V, |= 1, then
Yrscr(G) = n.

Proof.

Let ¢ = (V,,V,,V,) be a ypger-function on G. Suppose | V,, [= 1. Let u € V,,. Assume for a moment
that yrscr(G) < n. By Corollary 4, it follows that | V,, [<| V,, |. This implies that there exists x,y € V,
such that dg(x,u) =1 =dg(y,u) and | Ng(x) NV, |=| Ns(y) NV, |= 1. Consider the function
¢ =W\ ¥}V, U{u,y},V, \ {u}) on G. Then we have V;, \ {y} # @ but V, \ {u} = @. This follows
that ¢* is not an RDF on G. This is a contradiction. Therefore, we conclude that ypg.g(G) = n. This

completes the proof. [
Corollary 8. Let G be a graph of order n. If ypgep(G) < n, then | V, |= 2.

Proof.
Let ¢ = (V,,V,,V,) be a Ypscr-function on G. Suppose Yrscr(G) < n. Assume for a moment that |

V, 1< 1. Now, if | V, |= 0, then by Theorem 5, we obtain | V; |= 0. This follows that yrs.r(G) =
wESR(¢) =I Vi 1421V, |=IV; |=I V(G) |I=n. This is a contradiction. Moreover, we let | V, |= 1.
Then by Theotem 7, we have Ypscr(G) = n. This is again a contradiction to our assumption.

Therefore, we conclude that | V,, |= 2. This completes the proof. [ |
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The next theorem determines the bounds of a fair secure Roman domination number of any graph G.

Theotem 9. Let G be a graph of order n. Then the inequality holds:

max {yr(G), Yrsc(G)} < Yrscr(G) < min {2ypsc(G), n}.
Proof.
Let ¢ = (V,,V,,V,) be a Ypscr-function on G. Then by Theorem 5, it follows that V; UV, is a fair
secure dominating set on G. Thus, we have Yrs (G) <IV, | +I V, ISIV, | +2 |V, |= wESR (@) =
Yrscr(G). In addition, since every fair secure Roman dominating function is a Roman dominating

function on G , it simply implies that ygr(G) < Vrscr(G) . Accordingly, we obtain
max {yYpsc(G), Yr(G)} < Vrscr(G). Now, let V; = @. Since ¢ is a Ypscg-function on G, by Theorem 5,

it means that V, = @. Hence, ¢ = (@,V; =V (G), D) is an FScCRDF on G. In that case, we have
Vrser(G) < wER(P) =1V, | 421V, =1V, I=I V(G) |= n. Hence, Yrscr(G) < n. Let D be a Ypsc-set
on G, thatis, Yps.(G) =| D |. Set V(; =V(G)\D, Vll = @, and VZI =D.letv € V(;. Then there exists u €
V, such that uv € E(G), ¢ = (V, \ (v}, {v,u},V, \ {u}) is an RDF on G, and for every x,y €V, |
Ng(x) N VZI I=I N¢(¥) N VZ, > 0. Hence, 4= (V(;,Vll,Vzl) is an FScRDF on G . Thus, we obtain

Vrscr(G) < WG R ) =1V 1 +21V, 1= 21D |= 2¥p5c(G). So, we have Vpscr(G) < 2ypsc(6).

Accordingly, we obtain yrscr(G) < min {n, 2yrs.(G)}. Therefore, we conclude that

max {Yg(G), Yrsc(G)} < Vrscr(G) < min {2ypg.(G), n}.
This completes the proof. [ ]

Theorem 10. Let G be a non-complete graph and let ¢ = (V,,V; = 0,V,) be an FScRDF on G such
that | Ng(x) NV, |=I Ng(y) NV, |= 2 for any x,y € V. Then ¢ is a yggcp-function on G if and only
if V, is a Ypgc-set on G. Moreovet, Yrscr(G) = 2Vrsc(G).

Proof.

Let ¢ = (V,,V; = 0,V,) be an FScRDF on G.

(<) Suppose V, is a Yrsc-set on G. Then it follows that V, = V(G) \ V,, and hence, ¢* = (V, \
v}, V, = {v,u},V, \ {u}) is an RDF on G and for every x,y €V, | Ng(x) NV, |I=I No(y) NV, |= 1.
Assume for a moment that ¢ is an FScCRDF on G but not a yggcg-function on G. In that case, there
exists a Ypgcg-function A = (W, W, = @,W,) on G. Now, observe that ypsr(G) = wESR(Q) =

W42 I W, =2 W, <21V, =1V, | +21V, |= 0E5R(¢). Hence, we get | W, |<| V, |. This is a

contradiction since V, is a Ypgc-set on G. Therefore, we conclude that ¢ is a Yggcg-function on G.

76 | InPrime: Indonesian Journal of Pure and Applied Mathematics



Fair Secure Roman Dominating Function in Graphs

(=) Suppose that ¢ = (V,,V; = @,V,) is a Ypscg-function on G. Then by Theorem 5, V, UV, =V, is

a fair secure dominating set on G. Assume for a moment that V,, is not a Ygg.-set on G. Then there

exists a Ypsc-set on G, say, VZ,. This follows that VZ’ c V,. Define an RDF f = (U,,U,,U,) on G

where U, =V (G) \ VZI, U, =0,and U, = VZ,. Then f is an FScRDF on G, that is, for every a € U,
there exists b € U, such that ab € E(G), f* = (U, \ {a},{a, b}, U, \ {b}) is an RDF on G, and for
every x,y€U, , INgx)NU,|=INc()NU,I=1 . Hence, w&R(f)=21U0,I<21V,I|=
WESR(P) = ypser(G). This is a contradiction to the definition of a Ygg.g-function on G. Therefore,
V, is a Ypsc-set on G, that is, Yrs(G) =| V, |. Moreover, we have ypser(G) = 0§ (p) =1V, | +2 |

V, 1= 21V, |= 2yps:(G). This completes the proof. [ |

Theorem 11. Let G be a graph and let ¢ = (V,,V,,V,) be an FScRDF on G. If yrg.r(G) < n, then
there exists u € V, such that | Ng(u) NV, [= 2.

Proof.
Let ¢ = (V,,,V,,V,) be a Ygscr-function on G. Suppose Ygscgr (G) < n. Then by Corollary 8, it implies

that | V, 1= 2. Assume for a moment that for all u € V,,, | Ng(u) NV, I= 1. Since ¢ is a FScCRDF on
G, this implies that either for every x € V), there exists u, v € V,, such that dg(u, x) =1 = dg (v, x)
or by Theorem 2, for every x,y € V,, | Ng(x) NV, =] Ng(y) NV, |= 1. If for every x € V,, there exists
u,v € V, such that dg(u,x) =1 =ds;(v,x), then we obtain | V, |>| V,, |. Then by Corollary 4, it

follows that ygscp(G) > n. This is a contradiction to Theorem 9 that yrg.gr(G) < n. Now, if for every
x,y €Vy, | Ng(x) NV, |=I Ng(y) NV, |=1, then it follows that | V, |=| V, |. Then by Theorem 2, we

obtain Ygscr (G) = n. This is a contradiction to our assumption that Yrgscr(G) < n. Consequently,
we conclude that there exists u € V, such that | Ng(u) NV, |= 2. This completes the proof. [ |

Theorem 12. Let G be a graph with | V(G) |= n and let ¢ = (Vy, V4, V) be an FScCRDF on G. If | V;, |
= 2 and Yrscr(G) < n, then | Vy |= 3 and for every v € V, | Ng(v) NV, |= 2.

Proof.

Let ¢ = (V,,V;,V,) be an FScRDF on G. Suppose | V, |= 2 and ygscr(G) < n. By Corollary 4, it
follows that | V,, |<| V;, |. Hence, we have | Vj |= 3. Assume for 2 moment that for any v, v € Vs
such that | Ng(v) NV, |=] Ng(v) NV, I< 1. Now, if | Ng(v) NV, |=| N;(v') NV, |= 0, then this is
contrary to the definition of RDF on G. On the other hand, consider | Ng(v) NV, |=| Ng @)Hn V, |=
1. Let Ng(v) NV, = {u}. Thenu € V,. If Ng(u) NV, = {v}, then since | V,, |= 2, there exists w €
V5 \ {u} such that Ne(w) NV, =V, \ {v}. Now, lety € V, \ {v} and consider ¢p* = (V; \ {y},V; U
w, ¥}V, \ {w}). Since | V, |= 2,1V, I= 3, and Ng(u) NV, = {v}, it implies that there exists a €
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Vo \ {y, v} such that Ng(a) n (V, \ {w,u}) = @. Hence, it means that ¢* is not an RDF on G, a
contradiction. Therefore, we conclude that for every v € V,, | Ng(v) NV, |= 2. This completes the

proof. [

Theorem 13. Let G be a graph with | V(G) = n and let ¢ = (V,,V,,V,) be a Yggcg-function on G for
which | V, [= 2 and Ygscr(G) < n. If there exists x € V(G) \ V, such that | Ng(x) NV, |= 1 and forall
u€V, | Ng(u) NV, I=2,thenx €V,.

Proof. Let ¢ = (V,,,V,,V,) be a Ypscr-function on G for which | V, |=> 2 and ypgr(G) < n. Suppose
there exists x € V(G) \ V, such that | Ng(x) NV, |= 1and forallu € V,, | Ng(u) NV, |= 2. Seeking a
contradiction. Assume for a moment that x & V. Since x € V(G) \ V,, it means that x € V;,. Since
Yrscr(G) < n, by Corollary 4, it follows that 2 <| V,, |<| V;; |. Let u € Ng(x) NV,. Then u € V,. Since
for allu € V,, | Ng(u) NV, 1= 2, there exists y € V, \ {x} such that y € N;(u). Then consider the
function ¢* = (Vo \ {¥}, V; U{w,¥},V, \{u}) on G. In that case, Ns(x) N (V, \ {u}) = @, implying
that ¢ is not an RDF on G. A contradiction. Therefore, we conclude that x € V. This completes

the proof. [ ]

Theorem 14. Let G be a graph. Then the following hold: (i) yrscr(G) = 1if and only if G = K; (i)
Yrser(G) = 2 if and only if G € {K,, K,}; and (iii) Yrscg(G) = 3 if and only if G € {K, K3, K, U K, P3}.
Proof.

Let ¢ = (V,,V,,V,) be a ypgcgp-function on G.

(i) Suppose Yrscr(G) = 1. Seeking a contradiction. Assume for a moment that G # K. Then, we
get | V(G) 1> 1. Now, if V; # @, then by Theorem 5, we have V, # @. This implies that
Yrscr(G) = W& R (@) =1V, | +2 1V, |> 1, a contradiction. In addition, if Vy = @, then V, = @
by Theorem 5. Thus, it follows that Yrgcr(G) = w& R (@) =1V, [ 421V, |=IV, [=I V(G) I> 1.
This is again a contradiction. Therefore, we conclude that G = K. Conversely, let G = K. Then
it follows that V; = V(G). Thus, Y5z (G) = wg> R (¢) =1V, I=I V(G) |= 1.

(i) Assume that Yrser(G) = 2. Then it follows that w§>R(¢) =I V, | +2 | V, |= 2. Hence, we get |

V, 1< 1. Suppose that | V,, |= 1. Then it implies that | V, = 1 and | V; 1= 0. Let V, = {v}. It
follows that for all w € V), Ng(w) NV, = {v}. Now, consider ¢* = (V, \ {w},V; U {v,w},V, \

{v). If | V 1= 2, then V) \ {w} # @. However, since | V, |= 1, it follows that V, \ {v} = @.
Thus, ¢* is not an RDF on G, a contradiction. Hence, it means that | V, |= 1 and so, | V(G) |=
| Vo | +1 V) | +1V, I= 2. Therefore, we obtain G = K,. On the other hand, we suppose that | V, |
= 0. By Theorem 5, we have | V|, |= 0. And so, we obtain yps.g(G) = wESR () =I Vi 1+21V, |
=|V, I=I V(G) |= 2. Accordingly, we conclude that G € {K,,K,}. Conversely, let G € {K,,K,}.
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Then it is clear that ¢ = (@,V, =V(G),®) is a Ygscg -function on G . Thus, Yrscr(G) =
w&R(@P) =1V, I=1V(G) I=2.

(i) Assume that ygse(G) = 3. Then wgR(¢) =| V, | +2 | V, |= 3. This implies that | V,, |< 1. First,
we consider | V, |= 0. By Theorem 5, it follows that | V; |= 0. Thus, we have Yrscr(G) =
weR () =1V, | +2 1V, I=IV; |=I V(G) |= 3. Hence, it means that G € {K;, K3, K, UK, P;}.
Secondly, we consider | V,, |= 1. Since | V; | +2 | V, |= 3, it follows that | V; |= 1. Suppose |
Vo |= 2 where V,, is a fair vertex set on G. Let v € Vjand consider the function ¢* = (V, \
{v},V, U {u,v},V,\ {u}) on G. In this case, | V; \ {v} |# 0, but V, \ {u} = @, implying that ¢p*
is not an RDF on G. This is a contradiction. Thus, it suffices to say that | V0 |< 1. Since | V2 |=
1 and ¢ is a Ypgcp-function on G, it follows that | V) |= 1. Therefore, we conclude that | V(G) |
=1 Vy | +1V, | +1V, I= 3and so, G € {K4,K, UK,, P;}. Conversely, let G € {K;, Ky, K, UKy, Py},
Then it is easy to see that ¢ = (@,V, =V (G), D) is a Ypscr-function on G. Thus, Yrser(G) =
W R (@) =1V, I=1V(G) I=3.

This completes the proof. [ |

Theorem 15. Let G be a graph and let ¢ = (V,V, = @,V,) be a ypscg-function on G. Then

Vrser(G) = Vrse(G) + 1if and only if | V, 1=] V |= 1.

Proof.

Let ¢ = (V,,V, = @,V,) be a ygscg-function on G.

(=) Assume that Ypscr(G) = Vrsc(G) + 1. Then it follows that wgR(¢) =1V, | +21V, |=

Yrsc(G) + 1. By Theorem 10, it implies that V,, is a ypgc-set on G. Since V; = @ and yps.(G) =1V, |,

it follows that 2 | V,, |=| V,, | +1 and so, | V, |= 1. Seeking a contradiction. Assume for a moment

that | V0 |# 1. Then either | V0 |=0or] VO [> 2. If | V0 |= 0, then it is a contradiction since | V2 |
= 1and ¢ is a Ypgcg-function on G. Now, consider | Vi |= 2 where V|, is a fair vertex set on G. Let

x € V,and u € V,. Then consider a function ¢* = (V, \ {x},V; U {x,u},V, \ {u}) on G. In this case,

we get | Vo \ {x} |# 0 since | Vj 1= 2, but V,, \ {u} = @ since | V, |= 1. This implies that ¢* is not

an RDF on G. A contradiction. Therefore, we conclude that | V, |=| V; |= 1.

(&) Assume that | V, |=1 V, |= 1. Since V; = @ and ¢ is a Ypscg-function on G, by Theorem 10, V,

is a Ypsc-set on G, that is, Ypsc(G) =| V, |. Therefore, we end up with yrscr(G) = wg R (¢) =IV, |

+2 1V, I=1Vy | +1V, 1= ypse(G) + 1.

This completes the proof. [

Theorem 16. Let G be a graph. Then ¢ = (V,,V, = @,V,) is a Ypgcg-function on G and ypgr(G) =
Yrsc(G) + 2 if and only if there exist x,y € V(@) such that | Ng(x) N Ne(¥) |=n — ypsc(G).
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Proof.

(=) Assume that ¢ = (V,,V; = @,V,) is a Yrscp-function on G and yrser(G) = Yrsc(G) + 2. Then
we have wE5R(¢) =| Vi1 +2 1V, |=¥psc(G) + 2. By Theorem 10, V, is a Ypgc-set on G, that is,
Yesc(G) =1V, |. And since V;, = @, it implies that 2 | V,, |=| V,, | +2, and thus, we obtain | V,, |= 2. Let
V, = {x,y} € V(G). In that case, V, = V(G) \ V, is a fair vertex set on G, that is, for any u,v € V, |
Ne(w) NV, |=I Ng(¥) NV, |= 2 and the function ¢* = (V,\ {v},{v,x},V, \ {x}) is an RDF on G.
Thus, it suffices to say that | No(V,) I=1V(G) | =V, |. Since V, = {x,y} and yps.(G) =V, |, it
follows that | Ng(x) N Ng(y) I=1 Ng(V,) |. Therefore, we conclude that | Ng(x) N Ng(y) I=n —

Yrsc(G).
(&) Assume that there exist x,y € V(G) such that | Ng(x) N Ng(y) 1= n — Yrsc(G). Then ypso(G) =

| {x,y} |. This follows that {x’ y} is a ypsc-set on G. Set Vy = V(G) \ {x,y},V, = @, and V, = {x, y}.
Then V, is a Ygsc-set on G. Since V; = @, by Theorem 10, it implies that ¢ = (V,,V, = @,V,) is a
Yrscr-function on G. To this end, we have Ypser(G) = W& R(p) =1V 1 +2 1V, |=IV, | +] V, |=
Yrsc(G) + 2.

This completes the proof [ |
Theorem 17. Let G;(j = 1, ..., k) be the components of a graph G. Then ¢ = (V,V;,V,) is an FScCRDF
on G if and only if ¢ lg; is an FScRDF on Gj for each j € {1,2, ..., k}. Hence,

k
Yrscr(G) = Z YFScr (Gj)-
j=1
Proof.
Let G be a graph and let G, ..., Gy be the components of G.

(=) Assume that ¢ = (V,,V;,V,) is an FScCRDF on G. Then for each j € {1,2, ..., k}, we let Voj =V,N
V(G), VI =V,nV(G), and V] =V, nV(G). Thus, we obtain ¢ Ig,= (V),V/,V)) for each j €
{1,2,...,k}. Tetv € VOJ for some j € {1,2, ..., k}. This implies that v € V. Since ¢ is an FScCRDF on
G, it follows that there exists u € V,, such thatuv € E(G), ¢* = (V, \ {v},V; U {w,v},V, \ {u}) is an
RDF on G, and for any x,y € V,, | Ns(x) NV, |=| Ng(y) NV, |= 1. Since dg(x,y) = o for x €
V(G,) and y € V(G,) where h # L, it follows that u €V, (¢ l6)" = (V) \ V] U fu, v} V) \
{u}) is an RDF on Gj, and for any x,y € Vj, | Ng(x) N sz =l No(¥) N sz |> 1. Hence, it means that
[0) |G]- is an FScCRDF on Gj. If ¢ is a ypgegp-function on G, then we obtain yrser(G) =1V, 1 +2 1V, |=

k j k i _ vk j j Kk
vl = X avi 4217 1) 2 25 veser (6.
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(&) Conversely, assume that ¢ |g,= w/, le, sz) is an FScRDF on G; for each j € {1,2, ..., k}.

k . k , k .
Then we set V, = U wlv, = U le, and V, = Wzl. This follows that ¢ = (V,,V,,V,)
]:1 ]:1 ]=1

isan RDF on G. Let a € V. Then a € WOj for some j € {1,2, ..., k}. Since ¢ lg; is an FScRDF on
Gy, there exists b € W] such that dg,(a,b) = 1, (¢ Ig,)" = W/ \ {&, W] U {a, b}, W \ {b}) is an
RDF on G, and for any x,y € W/, | Ng(x) N W, 1= Ng(y) N\ W, 1> 1. Since W’ € V; for each i €
{0,1,2}, it follows that b € V,, ¢* = (V, \ {a},V; U {a,b},V, \ {b}) isan RDF on G, and forany x,y €
Vo, | No(x) NV, |=I Ng(y) NV, |= 1. Accordingly, we can say that ¢ is an FScRDF on G. Now, if
[0) IG]. is a Ypscg-function on Gj for all j € {1,2,..., k}, then we have Z?zlypsm G)) = Z¢=1(| le |
+2 1w D)= . (W | +2 i |W) 1=1V, | +2 | V; |12 Viscr(6) . Therefore, we conclude that
Yrscr(G) = Zj;l YFscr (Gj)-

This completes the proof. [ ]

The next corollary is a direct consequence of Theorem 14(i) and Theorem 17.
Corollary 18. Let G = K,, where n is a positive integer. Then Ypgeg(G) = n.

The join of two graphs G and H is denoted by G + H and is a graph with vertex set V(G + H) =
V(G) U V(H) and edge set E(G + H) = E(G) U E(H) U {uv:u € V(G) and v € V(H)}.

Theorem 19. Let G be a connected graph and let ¢ = (V,,V; = @,V,) be an FScCRDF on G. Then ¢
is a Ypscr-function on G, | V, |= 2, and for every u € V,, V,; € Ng[u] if and only if G = ] + H where
] € {K,,K,} and H is any graph with | V(H) |> 2.

Proof.

Let ¢ = (V,,V, = @,V,) be an FScRDF on G.

(=) Assume that @ is a Ypgep-function on G, | V, |= 2, and for every u € V,, V, S Ng[u]. Then by
Theorem 10, V,, is a Yrsc-set on G. Let V, = {x, y}. Then we can have (V,) = K, (or (V,) = K,). Since
¢ is a Ypger-function on G, it follows that | V) |= 2. In that case, we let (V) = H where H is any
graph with | V(H) |=I| V; |= 2. Now, since for every u € V,,, V|, © Ng[u] and V,, is a Ypsc-seton G, it
implies that G = K, + H (ot G = K, + H). Hence, for every v € V(H) = V,, there exists u € V(K,) (or
V(K,)) such thatuv € E(G), ¢* = (V, \ {v},V; = {w,v},V, \ {u}) is an RDF on G, and for any a,b €
Vy, | Ng(a) NV, |=| N;(b) NV, |= 2. Therefore, we conclude that G = J + H where ] € {K,,K,} and
H is any graph with | V(H) |= 2.

(<) Assume that G = | + H where | € {K,,K,} and H is any graph with | V(H) |= 2. Obsetve that
for every x,y € V(H), | Ng(x) NV (J) |=I Ng(¥) N V(J) |> 0. This implies that V(H) is a fair vertex
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set on G. In that case, we set Vy = V(H), V, = @, and V, € V(J). Suppose that | V, |[= 1. Thenlet z €
V, €V (J).If] = K,, then there exists w € ] \ {z} such that wz & E(G). Since V; = @, it follows that
¢ = (Vy,V, =0,V,) isnotan RDF on G. A contradiction. So, it follows that V,, 2 V(J) and thus, V, =
V(J). This implies that | V,, |=| V(J) |= 2. Let v € V. Then there exists u € V,, such that uv € E(G)
and ¢* = (Vy \ {v},V; = {u,v},V, \ {u}) isan RDF on G. Hence, ¢ = (V, = V(H),V, = 0,V, =V(]))
is an FScRDF on G. In view of Theorem 16, ¢ = (V, = V(H),V, = @,V, = V(])) is a Ygscg-function
on G. Moreover, we concluded that for every u € V, = V(J), V(H) = V; € Ng[u].

This completes the proof. [

The following results are immediate from Theorem 19.

Corollary 20. Let G =K, +H of G =K, + H where His any graph with |V(H) |=2. Then
Yrscr(G) = 4.

Remark 21. If G = K, ,, where m,n = 4, then yrs.r(G) = 8.

Remark 22. If G = K,,, where n > 4, then yrg.r(G) = 4.
4. DISCUSSION

The results revealed that the existing Roman domination in graphs can be enhanced and
strengthened, while providing a fair contribution of legions (vertex labeled 2) guarding the unsecured
locations (vertex labeled 0). Some combinatorial properties were provided that describes the graph-
theoretic configuration of the vertices (Vy, V1,V,) of a graph G labeled with 0, 1, and 2, which is similar

to the results of existing papers in [16, 17, 18]. It is revealed that if Yrs.p(G) < n, then it is found out
that |V |>]V, 1= 2. This result indicates that a whole graph to be secured needs more legions
(weights) to defend the entire graph compared to the original Roman domination, in which the
minimum weight is 2 with | V, |= 1. This implies that strengthening the defense of Roman
domination requires more legions (more costly), which is consistent with the findings in [7].

Additionally, the study also dealt with the characterization of fair secure Roman domination
number in small values, and it is found out that if yps.r(G) € {1, 2,3}, then |[V(G)] € {1, 2,3}, and vice
versa. This result is not parallel to the findings of the following papers: [2, 3, 4, 5, 16, 17, 18, 19, 20].
Moreover, combinatorial characterization of fair secure Roman dominating function in a graph with
several components were provided, and it is consistent to the results in [16] and [17]. This means that
a graph with several components, fair secure Roman dominating function can be observed in each
independent component. Furthermore, since the minimum fair secure Roman domination number
that satisfies Ypscr(G) < n where n is the order of a graph, is equal to 4, the study provided a
characterization that if Yrscr(G) < n, then it follows that | V,, |= 2 and | V; |= 0 where a graph G is
a form of a join of two graphs as stated in Theorem 19. This result leads to the notion that a fair secure
Roman dominating function is realizable relative to Roman domination in graphs, which can be
viewed similarly to the findings in [16] and [18].
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CONCLUSION

This paper aims to introduce a new restricted version of Roman domination in graphs called fair

secure Roman domination. Some important combinatorial properties were presented, and some

bounds of the fair secure Roman domination number were given. Exact values of the fair secure

Roman domination number of some classes of graphs were also determined. Moreover, necessary and

sufficient conditions for a function to be fair secure Roman dominating in some graphs were obtained.

This study highly recommends investigating and characterizing the fair secure Roman dominating

function in graphs under some binary operations that include corona, Cartesian, and lexicographic

products as future research.
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