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Abstract

A totally irregular total k-labeling A : VU E — {1, 2, -+, k} of a graph G is a labeling where the weights
of all distinct vertices and edges are unique. The weight w(x) of a vertex x is defined as the sum of its
label and the labels of all edges incident to it, while the weight w(e) of an edge e is the sum of its label
and the labels of its two endpoints. The minimum k for which G admits such a labeling is known as the
total irregularity strength of G, denoted ts(G). This study focuses on determining ts(G) for specific
classes of trees, including the comb product of stars, where the contact vertex is the central vertex of
one star, and the triple star graph.
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Abstrak
Pelabelan k-total tak teratur total A : VU E = {1,2, -+, k} dari suatu graf G adalah snatu pelabelan sedemikian
sehingga bobot setiap titik dan sisi masing-masing berbeda. Bobot snatn titik W(X) adalah jumlal label titik X dan
label setiap sisi yang terkait ke X, dan bobot snatn sisi W(e) adalah jumlab label sisi e dan kedna titik yang terkait
ke e. Nilai mininnm K sehingga snatn graf G memiliki pelabelan tersesebut dikenal sebagai nilai ketakteraturan total
dari G, dinotasifan dengan tS(G). Pada artikel ini, ditentnkan nilai ketakteraturan total dari snatn kelas graf pohon,

yaitu basil operasi comb dari graf bintang, dimana titik tetapnya adalab titik pusat graf bintang, dan graf bintang tripel.
Kata Kunci: Hasil operasi comb; Graf bintang, Nilai ketakteraturan total; Pelabelan total tak teratur total.

2020MSC: 05C78.

1. INTRODUCTIONS

Let G = (V,E) be a finite, simple, undirected, and connected graph with vertex set I/ and edge
set E. A labeling of G is a mapping that assigns numbers, typically positive or non-negative integers,
to elements of the graph. Depending on the domain of the labeling, it is referred to as a vertex labeling
(when the domain is V), an edge labeling (when the domain is E), or a total labeling (when the domain
is V' U E). A comprehensive survey of various graph labeling methods can be found in Gallian [1].

In [2], Baca et al. introduced the concept of edge irregular total labeling and vertex irregular total
labeling. Under a total labeling 1: VUE — {1,2,+++,k}, the weight of an edge xyxy is defined as
w(xy) = A(x) + A(y) + A(xy), and the weight of a vertex x is w(x) = A(x) + Yyzep A(x2). A total
labeling A is called an edge irregular total labeling if the weights of any two distinct edges x;y; and
X,y in E satisfy w(xyy;) # w(x,y,). Similartly, 4 is a vertex irregular total labeling if the weights of
any two distinct vertices x and y in V satisfy w(x) # w(y). The smallest k for which G admits an edge
irregular total kk-labeling is the total edge irregularity strength, denoted by tes(G). Likewise, the
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smallest k for which G admits a vertex irregular total kk-labeling is the total vertex itregularity strength,
E|+2 V[+8

denoted by tvs(G). They proved that [%] < tes(G) < n and [%] <tvs(G) < V| +A—28+1.

In [3], Ivanco and Jendrol proved that for any tree T,

tes(T) = max{['EHz], ﬁ]} (1)

3 2

Later on, Nurdin et al. in [4] gave the lower bound for tvs(T) where T is any tree having n; vertices
of degree i (i = 1,2,---,A) where A is the maximum degree in T.

s 2 [, ] fromnt ) 0

Nutrdin et al. [4] proved that the lower bound is sharp for any tree T; with no vertex of degree 2, that
is

tvs(Ty) = [Hznl]. ©)

Marzuki et al. [5] unified the concepts of edge and vertex labeling by introducing the notion of a
totally irregular total k-labeling. For a graph G with vertex set V and edge set E, a totally irregular total
k-labeling A : VUE — {1,2,---,k} is a total labeling where every pair of distinct edges X1y, and
XY, in E have distinct weights w(x1y1) # w(x,Y,), and every pair of distinct vertices x and y in V
also have distinct weights (x) # w(y). The smallest k for which G admits such a labeling is called
the total irregularity strength of G, denoted by ts(G). They gave the lower bound for ts(G),

ts(G) = max{tes(G), tvs(G)}. “4)

In [5], they proved that the lower bound is exact for a path B, when n # 2 or 5, as well as for a cycle
Cp. Specifically, for a path P, with n vertices, the lower bound holds,

n+2

Biss
ts(hu) = [nTH] , otherwise.

], forn = 2,5;
©)

In [6-9], Tilukay et al. also came to the same conclusion for fans, wheels, triangular books, friendship
graphs, complete graphs, complete bipartite graphs, and corona product of paths. As also concluded
by Ramdani et al. in [10-12] and Marzuki et al. that improved their previous results by working on m-
copy of paths and m-copy of cycles in [13].

Research on total irregularity strength of class of trees given by Indriati et al. in [14] for determined
the ts of a double star graph C(m, n), with m + n pendant vertices, where m,n = 2. They [14] proved
that

ts(Smn) = [F2]. (©)

They also provided the exact value of ts for a class of caterpillars with the center path of order three
C(n,0,n), n = 2. Later in [15], Indriati et al. determined the ts of two classes of caterpillars, that is
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C(p,0,0,q) and C(p,0,0,0,p). Other results were given by Rosyida et al. in [16-17] for several class of
caterpillars. In their research [16-17], they improved the results of ts for some caterpillars with longer
center paths. For further results, one can refer to Galian's survey in [1]. In this paper, we deal with a
class of trees. We investigate and determine the total irregularity strength of a comb product of stars,
where the contact vertex is the center vertex of the star.

2. DEFINITIONS

Definition 1. Let G and H be two graphs. Let 0 be a vertex of H. A comb product of G and H with a
contact vertex 0 is a graph G >, H = (V,E) with the vertex set V = V(G) X V(H) and the edge set
E={C,y)x y)0,y), & y) eV, (x,y)~x",y)}, where (x,y)~(x',y") if either x~x" and y =
y' =o0,0rx =x"and y~y'. G and H are called a backbone and a finger, respectively.

In other word, the comb product between G and H, in the vertex 0 is a graph obtaining by taking
one copy of G and |V(G)| copies of H and grafting the i-th copy of H on the contact vertex 0 to the
i-th vertex of G. For example, a graph S, &, S, in Figure 1 is a comb product of star graphs S, and
S, with the contact vertex x is the center vertex of Sy,.

n
yf . Y1 y,zn
y% J’::’}:
L 4 @
y} X1 y:‘l

U2 U3

Figure 1. Graph S, &, S,

Definition 2. For nonnegative integers m and n, a double star graph S, , = C(m,n) is a caterpillar
with the center path of order two, where each of both center vertices adjacent to m and n pendant
vertices, respectively.

Definition 3. For m,p,n = 0, a triple star graph S, ,,,, = C(m,n,p) is a caterpillar with the center
path of order two three, where each of its center vertices adjacent to m, n, and p pendant vertices,
respectively.
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3. RESULTS

Our first result provides the exact value of the total irregularity strength of a comb product of
stars, where the contact vertex is the center vertex.

Theorem 1. Let m,n be positive integers and m < n. Let S, be a star with the center vertex x. Let

Sm ©x Sp be a comb product of Sy, and S, with the contact vertex x and mn + n pendant vertices.
Then

mn+n+1
550 = [T
Proof.
Let S, &5 Sy, where m,n = 1 and m < n, be a comb product of a star S;,, and S, at the center

vertex X of Sp,. The proof is divided into the following two cases.

Casel.Form=1andn > 1.
For m =n =1, we obtained that §; &, S; is isomorph to path graph P,, then by (5), we have

ts(S; >y S1) = 2. Next, for m = 1 and n > 2, we obtained that S; &, S, is isomorph to double star
2n+1]
2

graph S, ,, then by (6), we have ts(S; &, S) = [

Case 2. Form,n > 2.
Consider that S;, =, S, form a tree with mn + m +n edges, mn + n pendant vertices, maximum

degree m + n, and contains no vertex of degree 2. Then, by (1) and (3), we have, tes(S;, &, Sp) =

max{[mn+n+1] ﬂ} and tvs(Sy, &4 Sp) = [mn+n+1]. Hence, by (4), we have ts(S, >y Sp) =

2 ) 2
| Next, let V(Sner )= @0 {rv,3/|1<i<m1<j<n} and E(Sp oy S,) =

[mn+n+1
2

{vxl-,vvj,xl-yij| 1<i<m1<j< n}, as depicted in Figure 1. Let t = [mn;nﬂ] and r = E]

To establish the reverse inequality, we construct a totally irregular total labeling A: VUE —
{1,2,---,t} defined below.

For the vertex set:

AW)=rn+1)—-t+1;

1, for1<i<m;
l(xi)—{m+1, forr+1<i<m

/1(17]-)=mn—t+j+1,for1 <jsm
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(1, forl1<i<r—-11<j<mn
A(y.j)z 1,. . forilzr,lstn(l—r)+t.;
l ni—-1)—-t+j+1, fori=rnd-r)+t+1<j<mn;
ni—-1)—-t+j+1 forr+1<i<m1<j<n

For the edge set:
t—r+i, forl1<i<r;
vai)_{t—r—m+i, forr+1<i<m

A(vvj) =t forl<j<m

ni—n+j, fori=11<j<n-—1;

t, fori=1,j =mn;
ni—n+j, for2<i<r—11<j<n;
A(xiyi’):<ni—n+j, fori=r,1<j<n(l-r)+t—1;

n, fori=r,j=n(1l—-1r)+¢t;
t, fori=rn(l-r)+t+1<j<n;
\ t, forr+1<i<ml<j<n

From the construction of an irregular total labeling A above, the minimum label is 1 and the maximum
label is t.

To demonstrate that A is a totally irregular total labeling, we must evaluate the vertex-weight set
and edge-weight set to ensure that no two vertices have the same weight and no two edges share the
same weight. By calculating all vertex weights and edge weights, we arrive at the following results.

For the vertex-weight set:

w(v)=§(2t—m+1)+r(n+1)+t(n—1)+1;

t—r—%(n—1)+(n2+1)l+1, forl1<i<r-—1;

w(x;) = %(n—nr+t)(nr—n+t+1)+(nr—t+1)t+1, fori =r;
tn+1D)—-r+i+1, forr+1<i<m

w(v))=mn+j+1,for 1 <j<m
W(yij)=ni_n+]+1,f0r1SiSm,1 <j<n.

Next, we verify the vertex-weight set and obtain that:

) wo/ll<sismi<j<n}={23-,mn+1};

ii) {W(’Ujll <j<n}={mn+2,mn+3, mn+n+1}

i) w(vy) <w(xy);

iv) {w(x;)|2 <i <r — 1} form a consecutive sequence of different n? + Land {(w(x)|r+1<i<
m} form a consecutive sequence of different 1;

v)  And w(x;) <w(x;) <w(v) where 1 <i <.

Hence, the vertex weights of S;,, &, S, are pairwise distinct.
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For the edge-weight set:
wx)=nr+i+2,forl<i<m
W(vvj) =rnm+1D)+mn—-t+j+2,forl<j<n;

mi—n+j+2, fori=11<j<n-1;

t+2, fori=1,j=mn

ni—n+j+2 for2<i<r—-11<j<mn;
w(xy!)={ni—-n+j+2 fori=r,1<j<n(l-r)+t-1;

n+2, fori=r,j=n(1-1r)+¢

ni—n+j+2, fori=rn(l-r)+t+1<j<n;

\m+ni—n+j+2, forr+1<i<ml<j<n

By verifying the edge weights, we obtain that

D why))1<sismi<j<n}u{wxll<i<m}=(3,4-,mn+m+2};

i) W(xiyij) < W(vvj);

i) and w(vx;) < w(vy)).

This implies that the edge weights of S, &, S, are pairwise distinct. Hence, we have proven that 4

mn+n+1
,m,n = 2.
2

is a totally irregular total labeling and that ts(Sy, &, S,) < [

Therefore, based on Case 1 and Case 2, it can be concluded that for m < n, S, &, S, is a totally
mn+n+1] -
|-

irregular total graph with ts(S,, &, S,) = [

Furthermore, it can be seen that §; &, S, is isomorphic to a triple star graph S, , ,. This leads
to Lemma 2.

Lemma 2. For a positive integer n, let Sy, 5, with n = 2, be a triple star graph with 3n pendant
vertices. Then

3, forn = 1;
ts(Spnn) = {[3n +1

l , otherwise.

Proof.
Let Sy, with n > 1, be a triple star graph. The proof is divided into the following two cases.

Case 1. Forn = 1.

Let V(51,1,1) = {x1,%2,%3,¥1,¥2,¥3} and E(51,1,1) = {x1%2, X2X3, X1Y1, X2¥2, X3¥3}. By (1) and (4), we
have ts(Sy11) = 3. Next, we construct an irregular total labeling 2: V UE — {1,2,3} defined by
A1) = A(y3) = Ax1y1) = 1, A(yz) = Axz2y2) = A(x3y3) = A(x1x3) = 2, A(xq) = A(xz) = Ax3) =
Alxyx3) = 3. It is easy to check that the vertex-weights are w(x;) = 6,w(x;) = 10,w(x3) =
8w(y) =2,w(y,) =4, and w(y;) =3; and the edge-weights are w(x;x;) = 8, w(xyx3) =
9, w(x1y1) = 5,w(xzy,) = 7,and w(x3y3) = 6. Since the maximum label is 3, the vertex-weights and
the edge-weights are each pairwise distinct. Therefore tS(Sl,l,l) <3.
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Case 2. Forn = 2.
It follows from Theorem 1.

Therefore, by Case 1 and Case 2, it can be concluded that for a positive integer 1, Sy, , 5 is a totally
3n+1
2

irregular total graph, with ts(Sy11) = 3, and ts(Sppn) = [ ], where n > 2. [

4. DISCUSSION

The results of this study show that a comb product of stars with center vertex as contact vertex
and triple star graphs are totally irregular total graphs with the total irregularity strengths equal to the
lower bound, implying that the lower bound is sharp. This lower bound corresponds to the total vertex
irregularity strength. We also investigate the results provided by [14-15] which discuss several classes
of caterpillars which have vertices of degree 2 as well as those in [16-17] that explore several classes
of caterpillars which have no vertex of degree 2, but with many vertices of even degree. In both cases,
their total irregularity strengths are equal to the total vertex irregularity strength. This is due to the fact
that tvs(T) has a wider range of values, depending on the degtree of their center vertices. However,
constructing a concise definition of a totally irregular labeling corresponding to ts(T), as presented
in our results, is challenging. The labeling is set such that the edge weights follow an arithmetic
sequence with a common different of 1, while ts(T) = tvs(T).

Furthermore, by considering results of various labeling of a caterpillar graph, we found that a
caterpillar is graceful, harmonious, super edge-magic, and antimagic [1]. Following the work of [3], we
conclude that a caterpillar is also total edge irregular graph. Hence, determining whether it is a totally
irregular total graph is important. Our result contributes significantly to this area of research.
Additionally, it is known a comb product of stars with center vertex as contact vertex is a subtree of
a firecracker (a tree where if every pendant vertex is removed, obtained a caterpillar). Therefore,
determining that a comb product of stars is a totally irregular total graph is crucial for building patterns
for larger structure.

5. CONCLUSIONS

In this paper, we determine the total irregularity strength of the comb product S, and Sj,, where

the contact vertex is the center vertex x of S,, resulting in mn + n pendant vertices, with m < n.
mn+n+1
2

]. Additionally, we provide the exact total

3n+1
2 5

Specifically, we establish that ts(S,, &y Sp) = [

irregularity strength of the triple star graph Sy, ;, ,, showing that ts(S;11) = 3 and ts(Sppnn) = [
nz=2.

For future research on the comb product S;,, &, S, one could consider using a pendant vertex
of S, as the contact vertex to verify that, in general, the comb product of stars is a totally irregular
total graph. Moreover, our result in Lemma 2 can be combined with findings from [6] to extend the
analysis to any triple star graph S, » 5, or caterpillar graph. There also remain many classes of trees for
which the total irregularity strength has yet to be determined.
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