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Abstract

The concept of a strong k-rainbow index is a generalization of a strong rainbow connection numbet,
which has an interesting application in secutity systems in a communication network. Let G be an edge-
colored connected graph of order n, where adjacent edges may be colored the same. A rainbow tree in
G is a tree whose edges have distinct colors. For an integer k with 2 < k < n, the strong k-rainbow
index srx; (G) of G is the minimum number of colors needed to color all edges of G so that every k
vettices of G are connected by a rainbow tree of minimum size. We focus on k = 3. It is clear that
srx;(G) < [|G]l, whete the upper bound is sharp since the STx3 of a tree equals its size. Hence, we atre
interested in studying how the STx3 of a tree changes if we add some edges connecting two nonadjacent
vertices in the tree. This paper is focused on graphs containing three cycles. We first determine a sharp
upper bound of the sTx3 of graphs containing exactly three edge-disjoint cycles. We also determine the
exact values of sTx5 of theta graph 6(a,, a,, az) for cettain values of a4, a,, and as.
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Abstrak

Konsep indekes pelangi-k kuat merupakan pernmuman dari bilangan terbubung pelangi kuat yang memiliki aplikasi
menarik dalam sistem keamanan jaringan komunikasi. Misalkan G adalab suatu graf terhubung berorde n yang
memiliki suatu pewarnaan sisi, dimana dua sisi bertetangga bolel memiliki warna yang sama. Pobhon pelangi di G
adalah pohon yang setiap sisinya memiliki warna berbeda. Untuk suatu bilangan bulat k dengan 2 < k < n, indeks
pelangi-k kuat sTx,,(G) graf G adalah banyak wama mininmm yang dibutubkan untuk mewarnai semna sisi di G
sehingga setiap k titik di G dibubungkan oleh suatn pohon pelangi berukuran ninimum. Kami fokus pada k = 3.
Jelas babwa srx3(G) < |G|, dimana batas atas ini merupakan batas ketat karena StXs pobon sama dengan
ukurannya. Karena itu, kami tertarik untuk mempelajari bagaimana ST X3 pobon berubal jika ditambabkan beberapa
sisi yang menghnbungkan dua titik tidak bertetangga di pobon tersebut. Artikel ini difokuskan pada graf yang memmnat
tiga siklus. Pertama, kami menentukan batas atas ketat SYX3 graf yang memmuat tepat tiga siklus saling lepas sisi.
Kami juga menentukan nilai eksak Svxs graf theta 0(Qy, Ay, A3) untuk beberapa nilai ay, @, dan Qs tertentn.
Kata Kunci: siklus; pewarnaan pelangi; pohon Steiner pelangi; graf theta; pohon.

2020MSC: 05C05, 05C15, 05C38, 05C40.

1. INTRODUCTION

All graphs considered in this paper are nontrivial, simple, and connected. We follow the notation
and terminology of Diestel [1] unless otherwise stated. Chartrand et al. in 2008 introduced the concept
of the rainbow connection number of a graph [2]. This concept has an interesting application in a
security system in a communication network, which can be modeled by graph G. To obtain a secure
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communication network, we can assign some passwords to an information transfer line between
people, which may have other people as intermediaries so that no password is repeated. The minimum
number of these passwords is represented by the rainbow connection number r¢(G) of G. In the
same paper, Chartrand et al. also introduced the concept of a strong rainbow connection number
src(G) of G, which represents the minimum number of passwords needed in a communication
network so that people can transfer information securely and quickly.

Computing the r¢ of graphs is an NP-Hard problem [3], [4]. Therefore, many previous
researchers studied the r¢ of graphs by limiting their study to certain classes of graphs, e.g. [2], [5], [6],
[71, [8], [9], [10], [11]. We refer the readers to [12], [13] for some detailed surveys on ¢ of graphs.

Later, Awanis and Salman introduced the concept of a strong k-rainbow index of a graph [14],
which is a generalization of the strong rainbow connection number of a graph. Let G be an edge-
colored connected graph of order n, where adjacent edges may be colored the same. A tree T in G is
a rainbow tree if no two edges of T are colored the same. Let S be a set of vertices of G. The minimum
size of a tree connecting S in G is called the Steiner distance d(S) of S. Such a tree is called a Steiner
S-tree. The maximum Steiner distance of § among all sets S of k vertices of G is called the k-Szeiner
diameter sdiamy (G) of G [15]. If S = {u, v}, then d(u, v) is the distance between u and v in G, and
sdiam,(G) is the diameter diam(G) of G. Furthermore, the Steiner {u, v}-tree is called the u — v
geodesic [2). A strong K-rainbow coloring of G is an edge-coloring of G having the property that for every
set S of k vertices of G, there exists a rainbow Steiner S-tree in G. The minimum number of colors
needed in a strong k-rainbow coloring of G is called the strong k-rainbow index srx,(G) of G. 1f k = 2,
then s1x,(G) is the strong rainbow connection number src(G) of G [2]. It follows that for every connected
graph G of order n, src(G) = srx,(G) < srx3(G) < -+ < srx, (G) [14].

It is clear that sdiam (G) is the natural lower bound for srx;(G). Furthermore, since every
edge-coloring of G that assigns distinct colors to all edges of G is a strong k-rainbow coloring, Awanis,
and Salman in [14] showed that

sdiam (G) < srx,(G) < ||G]l, 1)

where ||G|| denotes the size of G. They also provided the exact values of sTx3 of some certain graphs
and their amalgamation. Some of these results are given in Observation 1.1 and Theorems 1.2 and 1.3.
Observation 1.1 shows how to color the bridges of a connected graph. An edge e of a connected
graph G is called a bridge of G if G — e is disconnected. Meanwhile, Theorems 1.2 and 1.3 provide the
exact values of srx3 of trees and cycles, respectively. There are also some results about the srx3 of
graphs formed by other graph operations, such as edge amalgamation of graphs [16], comb product
of graphs [17], and edge-comb product of graphs [18]. Some authors are also interested to study the
characterization of graphs G with srx3(G) = 2 [19].

Observation 1.1. [14] Let G be a connected graph of order n = 3 and ¢ be a strong 3-rainbow
coloring of G. If e and f are two distinct bridges of G, then c(e) # c(f).

Theorem 1.2. [14] For each integer n > 3, srx3(T,) = [T,/ =n — 1.

Theorem 1.3. [14] For each integer n = 3, the strong 3-rainbow index of €y, is
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2, forn = 3;
srx3(C,) =4{n—2, fora<n<6o0orn=3_§;
n, forn=7o0rn=09.
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Figure 1. Strong 3-rainbow colotings of C3, Cy, Cs, Cg, and Cg.

Following Theorem 1.2, we are interested in studying how the sTx3 of a tree changes if we add
some edges connecting two nonadjacent vertices in the tree. This paper is focused on graphs
containing three cycles. We first determine an upper bound of the srx3 of graphs containing exactly
three edge-disjoint cycles, then we prove the sharpness of the upper bound by providing a graph
containing exactly three edge-disjoint cycles whose srx3 equals the upper bound. We also determine
the exact values of sTx5 of theta graph 8(a4, a,, as) for certain values of ay, a,, and as.

2. RESULTS AND DISCUSSIONS

For simplifying, we define some notations as follows. We define [a, b] as a set of all integers X
witha < x < b, T = {ey, e, ..., e, } as a tree with edge set {eq, €,, ..., €, }, and c(X) as a set of colors
assigned to the edges in X € E(G).

Forn =7 and g4, g», 93 = 3, let H be a connected graph of order n containing exactly three
edge-disjoint cycles Cy,, Cy,, and Cy,. Hence, there exist exactly two paths P; and P, connecting
certain two cycles as given in Figure 2. Without loss of generality, let V(Cgi) = {vil, vZ, .., vig ! } and
E(Cgi) =P’ ipe [1,gl-],vigi+1 = v}} for cach i € [1,3] such that Py := v} — v} and P, =
v5 — v} for some t € [1, g,]. Observe that if t = 1, then |[E(P;) N E(P,)| = 0.

Figure 2. A graph containing exactly three cycles.
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We first determine an upper bound for srx3(H) as given in the following theorem.

Theorem 2.1. Let H be a connected graph of order n = 7 containing exactly three edge-disjoint cycles
of length at least 3. Then srxs(H) < ||H|| — 2.

Proof. We show srx3(H) < ||H|| — 2 by defining a strong 3-rainbow coloring ¢ of H as follows.
1. Assign colors 1,2, ..., g, to the edges of Cg,

g1 g1 g2 gz
2. Define c(vllzJ“vllzJ”) =C(vzlzJ+1v2[2J+z)

[L2]+t |22|+t+1
c (‘U v, .

and C( l73j v3lg73]+2) =

3. Assign colors g, + 1,9, + 2, ..., |[H|| — 2 to the remaining ||H|| — g, — 2 edges of H.

Observe that the edge coloring above provides the following properties.
e Foreachi € [1,3], all edges of Cy, have distinct colors.
e Tor distinct i,j € {1,2} ori,j € {1,3},p € [1,9;],and q,7 € [1 gj] there exists a rainbow
vl — vlp geodesic T; in (4, and a rainbow Steiner {v v » V) }tree T; in C such that

c(E)) nc(E(T)) =
e FPori = 2andj = 3, we have two properties as follows.
- There exist a rainbow v5 — vf geodesic Ty in €y, and a rainbow Steiner {v%, vg , vg}—tree
T, in C,, for each p € [1, g,] and q,7 € [1, g5] such that c(E(T})) N c(E(T,)) = .
- There exist a rainbow Steiner {vs, vf , vg }—tree T, in Cy, and a rainbow v} — v} geodesic
T, in C,, for each p,q € [1, g,] and 1 € [1, g5] such that c(E(T})) N c(E(T,)) = .

e If H contains bridges, then every bridge of H is colored with distinct colors which are not used
for E(Cy,) forall i € [1,3].

By using the properties above repeatedly, we can find a rainbow Steiner tree connecting every three
vertices of H. Thus, the theorem holds. [ |

The upper bound given in Theorem 2.1 is sharp. Theorem 2.3 shows that there exists a connected
graph H containing exactly three edge-disjoint cycles of a certain length with srx3 (H) = ||H]|| - 2.
We first need the following lemma.

Lemma 2.2. Forn = 4 and g = 3, let G be a connected graph of order n containing a cycle Cy. Let
¢ be a strong 3-rainbow coloring of G. If e € E (Cg) and f is an arbitrary bridge of G, then c(e) #
c(f).

Proof. Let V(Cg) = {v, v,, ...,vg} and E(Cg) ={vviy i i E [1,9],vg41 = v} Let e = vy
for i € [1,g] be an arbitrary edge of C; and f = xy be an arbitrary bridge of G. Assume that
d(Cg, x) < d(C , y). Thus, by considering {v;, V;4;, ¥}, we obtain that c(e) # c(f). [

Theorem 2.3. Let g4, g,, and g3 be three integers equal to 7 or at least 9. Let H be a connected graph
containing exactly three edge-disjoint cycles of length g4, g,, and g3. If g; and g3 are odd or have
distinct parity, then srx3(H) = |[|H|| — 2.
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Proof. Let Cy,, Cy,, and (g, be the three edge-disjoint cycles contained in H. It follows by Theorem
2.1 that srx3(H) < |[H|| — 2. To prove the lower bound, suppose that srxz(H) < ||H|| — 3. Let
c:E(H) = [1,|[H|| — 3] be a strong 3-rainbow coloring of H. Let X be a set of colors assigned to
the bridges of H and Y be a set of colors assigned to the edges of Cgi foralli € [1,3]. Since H contains
|H| — g1 — g2 — g5 bridges, we have |X| > |[H|| — g; — g2 — g3 by Observation 1.1. Note that
by Lemma 2.2, all edges of Cgi for each i € [1,3] should have distinct colors from X. Thus, X N Y =

@, which implies |Y| < g1 + g, + g3 — 3. Without loss of generality, let Y = [1, g, + g, + g3 — 3].
Since sTrx3 (ng) = g, by Theorem 1.3, without loss of generality, let ¢ (E(ng)) = [1, g,]. Now,

. , |%]+1 |%]+2)
consider cycles Cy, and Cy,. For each i € {1,3}, let A; = E(Cgi) \ Y v; if g; is odd or

gi 9i gi gi
SLoZlyg Zlyn Zlyo

— 2 2 2 2

4; =E(Cy)\ {vi v? vk,

{vi,v],vd} for pe{|%]|+1,[2] +2} and q e {|2]+1,|%]|+ 2}, we obtain that c(4;) N
c(A3) = 0. A similar argument applies if g; and g3 have distinct parity. Thus,

c(A)) Nnc(43) = 0. 2)

it g; is even. If g; and g3 are odd, then by considering

Observe thatevery edgee = xy € E (ng) should be contained in any rainbow Steiner {x, Y, vlp }—
tree for each i € {1,3} and p € {l%] +1, l%] + 2} ifgiisoddorp € {%% + 2} if g; is even. This
implies c(4;) € [1, g,] for each i € {1,3}. Now, we consider two cases as follows.

Case 1. g4 and g3 are odd

Since every three vertices of Cy, for each i € {1,3} are connected by a rainbow Steiner tree
contained in Cg,, we have |c(4;)| = g; —1 by Theorem 1.3. It follows by equation (2) that
lc(A1) U c(A3)| = g1 + g5 — 2, which is impossible since there are at most g, + g5 — 3 colors left
from Y that have not been used.

Case 2. g1 and g3 have distinct parity

Without loss of generality, let g; be even and g3 be odd. By using a similar argument as Case 1,
we have |c(41)| = g, — 2 and |c(43)| = g3 — 1 by Theorem 1.3. It follows by equation (2) that
lc(A1) U c(43)] = g1 + g3 — 3, which implies c(4;) Uc(43) =[g,+1,9,+2,...,9: + g +

9 G, Gy By

g3 — 3]. It means we have used all colors from Y. Now, consider edges v, v,> ~ andv,> v* . By
9 g1,
using Theorem 1.3 and considering {vlz , vlz , v_f } for p € {1973] +1, 1973] + 2}, we have
g1 91,4 919 914y
{c (v12 v, ),c (v12 v° >} Z c(A4;) Uc(Ay). This implies
91

g1 91
2

9 iy i1 Lo , o Li2 o
{C (vl v, ), c (vl v, >} C [1,g,]. If g, is even, then by considering {vl Y , U, } for

, 1
91 91 91 91 92 92 g2 g2
1 91,4 149 914y 92 92,4 92,1 924y

p € {972,972 + 2}, we have {c (vlz v,? ),c (vlz v’ )} = {c <v22 v, ),c <v22 v’ )}

g1 91 92
> S T2 +1

2
Ul ,Ul ,172

R

However, there is no rainbow Steiner

A

}—tree, a contradiction. If g, is odd, then by
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g1 14,
considering {vlz ,U,° , v } for pE {1972] +1, 1972] + 2}, we have
91 91,4 9141 g1+2 |22|+ [g_J
{C (vf v? ) ,C ( )} { ( ] 2% )}, which is impossible since two adjacent
edges should have dlStlnCt colors. ]

The illustration of a strong 3-rainbow coloring of H with g, = g, =7 and gz = 9 is given in
Figure 3.

Figure 3. A strong 3-rainbow coloting of H with g1 = g, = 7 and g3 = 9.

Another class of graphs containing exactly three cycles is a theta graph. For a3 = a, = a; = 2,
a theta graph (a4, a,, as) is a graph constructed by three internally disjoint paths of length a4, a,, and
a5 which have the same end vertices. For distinct i,j € [1,3], let By, = xviv? ... viai_ly be a path
of length a; contained in 0(a4, a,, az), and CaHaj =Py, U Paj. Theorems 2.6 and 2.7 provide the
STX3 (9 (ai,a,, a3)) for certain values of a;, a,, and az. We first need the following two
observations.

Observation 2.4. For az = a, = a; = 2,let0(a,, a,, az) be a theta graph of order a; + a, + az —
1 which admits a strong 3-rainbow coloring. If a; = a, = a3, then any rainbow Steiner tree
connecting every three vertices of Cai+aj should be contained in Cal._,_aj for distinct i, € [1,3].

Proof. For distinct i, j € [1,3], let S be a set of three vertices of Cal._m].. We consider three cases as

follows.

Case 1. {x,y} S
Fither P ot P is a rainbow Steiner S-tree.

Case2.x ESory €S

Without loss of generality, let x € S. If § = {x v vq} for distinct p,q € [1, al 1], then the
rainbow Steiner S-tree is contained in P A similar argument applies if § = {x, v, v]fl} for distinct
p,q €1, a; — 1]. Now, if § = {x,v? vq} for p€[1,a;— 1] and q € [1,aj —1], let S’ be the

Steiner distance of S contained in Cal.+aj. Observe that any rainbow Steiner S-tree that passes through
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Py, for k # i and k # j has a size at least S + 1. Thus, it is clear that the rainbow Steiner S-tree is

contained in Cq, 4 aj-

Cuse 3. {x, y} S
Without loss of generality, let S = {vf ,viq ,vf} for distinct p,q € [1,a; — 1] and 7 €
[1, aj — 1]. By using a similar argument as Case 2, we will obtain that any rainbow Steiner S-tree is

contained in Cg, 4 aj- ]

Observation 2.5. Fora; > a, = a; = 2,let 8(a4, a,, as) be a theta graph of order a; + a, + a; —
1 which admits a strong 3-rainbow coloring. If a; = a, and az > a,, then any rainbow Steiner tree
connecting every three vertices of Cai+aj should be contained in Cai+a]. for distinct i,j € [1,3].

Proof. For distinct i, j € [1,3], let S be a set of three vertices of Cai+a].. IfS c V(Ca1+a2), then by
Observation 2.4, any rainbow Steiner S-tree is contained in Cg, 44,. Hence, we assume that § &
V(Cai+a3) for i € {1,2}. By considering the three cases and using a similar argument as Observation

2.4, we will obtain that any rainbow Steiner S-tree is contained in Cg, 4 q,- [

Theorem 2.6. For a; > a, = a; = 2,let 6(a,, a,, as) be a theta graph of order a; + a, + az — 1.
If a, =a, = das, then
3, fora, = 2;

4, for a, = 3;
srxs(6(as, a1, a1)) = 8 for ai = 4;

3a,4, fora; > 5.

Proof. We consider four cases as follows.

Case 1.aqy = 2
Since any rainbow Steiner {v, V3, V3 }-tree has a size of at least 3, then sTx5 (9(2,2,2)) = 3.To
prove the upper bound, we define a strong 3-rainbow coloring of 6(2,2,2) as given in Figure 4.

Case2.a4 = 3
Since any rainbow Steiner {v{, V5, V1 }-tree has a size of at least 4, then sTx3 (9(3,3,3)) =4.To
prove the upper bound, we define a strong 3-rainbow coloring of 8(3,3,3) as given in Figure 4.

Case 3. a1 = 4

Suppose that sTX3 (9 (4,4,4)) < 7. Letc: E(B (4,4—,4—)) — [1,7] be a strong 3-rainbow coloring
of 6(4,4,4). Since there are two possible rainbow Steiner {v?,vZ, v:}-trees, without loss of generality,
let T = {xvi, viv?, xv3, v3v3, xv3, vV3v3} be the rainbow Steiner {v%, v, V5 }-tree with c(vv}) =i
and C(vilviz) =i+ 3 for each i €[1,3]. Now, by considering {vil, vi?’, vjl}, {x,y, viz}, and
{Ui3, Ujl, U]-3} for distinct i,j € [1,3], we have

c(wivi) € {5,6,7}, c(viy) € {2,3,7}, c(Wiv3) € {4,6,7}, c(v3y) € {1,3,73,
c(viv3) € {4,5,7}, and c(v3y) € {1,2,7}. 3)
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Next, consider {y, vl-z, vjz} for distinct i,j € [1,3]. Since T = {vlz v?, vfy, vjz vf’,

possible rainbow Steiner tree connecting these three vertices, we obtain that edges viv3, v3y, v3v3,

vf’y} is the only

v3y, v3v3, and v3y should have distinct colors. Hence, we further consider two subcases as follows.

Subcase 3.1. There exists i € [1,3] such that either c(vizvf‘) =7or c(vf’y) =7
Without loss of generality, let i = 1. If c(viv3) = 7, this forces c(viy) € {2,3}, c(viv3) €
{4,6}, c(w3y) € {1,3}, c(w3v3) € {4,5}, and c(v3y) € {1,2} by equation (3). Observe that by
equation (3), there are two possible colorings of edges v3y, v3y, and v3y as follows.
@ c@iy) =3 c@iy) =1 andc(viy) =2
If c(v3v3) =4, then there is no rainbow Steiner {x,v?,v3}-tree. Hence, we have
c(v3v3) = 6. A similar argument applies for edge v3v3, thus c(v3v3) = 4. However, there
is no rainbow Steiner {vi, v3, v§ }-tree, a contradiction.
(i) c(wiy) =2,c(v3y) =3, andc(v3y) =1
By using a similar argument as Case (i), we will obtain that there is no rainbow Steiner
{vi, vz, v§ }-tree, a contradiction.

Now, if c(w3y) =7, then c(vivi) € {5,6}, c(v3v3) € {4,6}, c(v3y) € {1,3}, c(W3v3) €
{4,5}, and c(v§ y) € {1,2}. Observe that by equation (3), there are two possible colorings of edges
v2v3 viv3, and v5v3, which are c(W2v3) =5, c(W3v3) = 6, and c(V3v3) = 4, or c(VZV3) = 6,
c(W3v3) = 4, and c(v3v3) = 5. By using a similar argument as case c(Viv3) = 7, we will obtain a
contradiction.

Subcase 3.2. For each i € [1,3], C(vl-zvl?’) # 7 and c(vf’y) *7

It follows by equation (3) that c(vZv3) € {5,6}, c(viy) € {2,3}, c(w3v3) € {4,6}, c(v3y) €
{1,3}, C(U% U%) € {4,5}, and C(Ugy) € {1,2}. For this case, there are also two possible colorings of
edges 3y, v3y, and v3y by equation (3), which are c(v3y) = 3, c(v3y) = 1, and c(v3y) = 2, or
C(Uf y) =2, C(U% y) = 3, and c(v§’ y) = 1. Hence, by using a similar argument as Subcase 3.1, we
will obtain a contradiction.

Next, to prove the upper bound, we define a strong 3-rainbow coloring of 6(4,4,4) as given in
Figure 4.

1 2 3
v 2 V13U

2
7); 2 Uy

0(2,2,2) 0(3,3,3)

Figure 4. Strong 3-rainbow colorings of 6(2,2,2), 6(3,3,3), and 6(4,4,4).

67 | InPrime: Indonesian Journal of Pure and Applied Mathematics



Zata Yumni Awanis

Case4.a; =5
Let ¢ be a strong 3-rainbow coloring of 8(a,, a1, a;). By Theorem 1.3 and Observation 2.4, all

edges of 6(ay, a;, a;) should have distinct colors. Thus, sTx3 (9 (ai,a4, al)) = 3a,. Furthermore,
since [18(ay, ay, a;)|l = 3ay, it follows by equation (1) that srx3(8(ay, ar, a;)) = 3a;. |

Theorem 2.7. For az = a, = a, = 2,let (a4, a,, as) be a theta graph of order a; + a, + a; — 1.
If a; = a, and az > aq, then

STX3 (B(al, a, a3))

( as, fora; = 2 and a; € {3,4};

| 7, fora; =2anda; = 6,ora; =3 anda; = 5;
=42a1+a3—2, fora;, =2anda; = 50ras; = 7,or

I a; =3anda; =4o0raz = 6,ora; =4anda; = 5;

k 2a, + as, fora; = 5and a; > 6.

Proof. We consider four cases as follows.

Case 1. a; = 2 and a3 € {3,4}
Since sdiams (9 (2,2, a3)) = az, we have STx3 (0(2,2, a3)) = a3 by equation (1). To prove the
upper bound, we define a strong 3-rainbow coloring of (2,2, a3) as given in Figure 5.

2
U3
6(2,2,3) 0(2,2,4)

Figure 5. Strong 3-rainbow colorings of 8(2,2,3) and 6(2,2,4).

Case 2.4, = 2and a3 = 6,ora; =3 andaz; =5

Suppose that sTx5(0(ay, ar,az) < 6. Let ¢ : E(8(ay, ay,a3)) = [1,6] be a strong 3-rainbow
coloring of 6(ay, a4, az). Consider graph C, 1+agy- By Observation 2.5, any rainbow Steiner tree
connecting every three vertices of Cy, 44, should be contained in Cy, 44, It follows Theorem 1.3 that
we need at least 6 colors to color all edges of Cy, 4q,-

For a; = 2 and a3z = 6, there is only one possible edge-coloring of Cg, 44,. Without loss of
generality, color all edges of €y, 44, as given in Figure 6(a). Now, consider edge v3Y. By considering
{y,vi,vi}, {y,vi,v3}, and {y,vi,v3}, we obtain that c(viy) & {1,2,3,4,6}. These forces
c(v% y) = 5. However, there is no rainbow Steiner {v%, v%, vg’}—tree, a contradiction.

For a; =3 and a3 =5, there are two possible edge colorings of Cy, 4q,. Without loss of
generality, color all edges of Cy, 44, as given in Figures 6(b) and 6(c). First, consider Figure 6(b). By
considering {x, vZ,vi}, {v3, v3, v3}, and {x, v3, v}, we obtain that c(xv3) € [1,6]. This implies we
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need one new distinct color to color edge xv3, which is impossible. Now, consider Figure 6(c). First,
consider edge v3vi. By considering {x,vi,v5}, {x,v3,v3}, and {y,v3,v3}, we obtain that
c(viv?) & {1,3,4,5,6}. This forces c(vivi) = 2. By symmetry and using a similar argument as the
previous case, we can show that c(xv3) € {3,5} and c(v3y) € {1,6}. If c(xvl) = 5, then there is
no rainbow Steiner {x, v%, 1733: }-tree, a contradiction. A similar argument applies if ¢ (U% y) = 6. Thus,
c(xv%) = 3 and C(U% y) = 1. However, there is no rainbow Steiner {x, vf, v%}—tree, a contradiction.

vl

PIDAN

1
v 21

Figure 6. The illustrations of the proof of Case 2 when (a) a; = a; = 2 and az = 6; (b) a; = a, = 3 and
az = 5;<C)a1 =day =32mda3 =5

To prove the upper bound, we define a strong 3-rainbow coloring of (a4, a,,az) as given in
Figure 7.

Case 3.a; = 2andaz = 5oraz = 7,ora; =3 andaz =4 oraz; =6,ora; =4andaz; =5

Let ¢ be a strong 3-rainbow coloring of 8(ay, a4, az). It follows by Theorem 1.3 and Observation
2.5 that srx; (6 (aq, a4, a3)) = 2a, + a3z — 2. To prove the upper bound, we define a strong 3-
rainbow coloring of 8(a4, a,, as) as follows. For a; = 2and az = 5 oraz = 7, assign color 1 to the
edges xvi and V37, color 2 to the edges viy and xv3, and colors 3,4, ..., az + 2 to the remaining
a; edges of 6(2,2,a3). For a; = 3 and a3 = 4 or az = 6, assign color 1 to the edges xv] and vy,
color 2 to the edges v¥y and xv3, and colors 3,4, ...,a; + 4 to the remaining az + 2 edges of
6(3,3,a3). For a; = 4 and a3 = 5, assign color 1 to the edges xv] and v3y, color 2 to the edges
U% Uf and U% U%, and colors 3,4, ..., az + 6 to the remaining az + 4 edges of 6(4,4,a5).

Figure 7. Strong 3-rainbow colorings of 6(2,2,6) and 6(3,3,5).
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Now, we show that there exists a rainbow Steiner S-tree for every set S of three vertices of
0(ay,a,,as). First, consider a; =2 and az =5 or az = 7. Observe that the edge-coloring of
0(2,2, az) above assigns two colors to all edges of C4 which has the same pattern as an edge-coloring
given in Figure 1, and assign az + 2 colors to all edges of Cpiq,. It means if S € V(Cy) or S
V(Cz +a3), then there exists a rainbow Steiner S-tree contained in €4 or Cy4 4, respectively. Therefore,
we assume that § = {v%, vl vrf} for p € [1,a; — 1]. By the edge-coloring of (2,2, az), we also can
show that there exists a rainbow Steiner {x, V], v3}-tree Ty, a rainbow Steiner {v],v3, y}-tree T, a
rainbow x — v,f geodesic T3, and a rainbow 175 — ¥ geodesic T, such that C(E(Tl)) N C(E (T3)) =
@ and C(E(Tz)) N C(E (T4)) = (. Thus, the tree T; U T3 or T, U T, is a rainbow Steiner S-tree. A
similar argument applies for case a; = 3 andaz =4 oraz = 6,ora; = 4 and az = 5.

Case4.a, = 5andaz = 6

Let ¢ be a strong 3-rainbow coloring of 8 (a4, a4, as). It follows by Theorem 1.3 and Observation
2.5 that sTx5 (9 (as, a4, a3)) > 2a, + as. Furthermore, since ||6(ay, aq,a3)|| = 2a, + as, we have
srx3(6(ay, ay,a3)) = 2a; + az by equation (1). ]

3. CONCLUSIONS

In this paper, we obtained that ||H|| — 2 is the sharp upper bound for srx3;(H) where H is a
connected graph containing exactly three edge-disjoint cycles. We also determined the exact values of
srx; of theta graph 8(ay, a,, as) for certain values of a4, a,, and as. There are many other classes
of graphs containing three cycles that have not been studied in this paper. Hence, it is interesting to
continue the study by determining the exact values of Srx3 of the graphs. For further study, it is also
interesting to study the STx3 of graphs containing at least four cycles.
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