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Abstract
This correspondence determines the lower and upper bounds of the covering radius in some kind of

block repetition codes over the finite ring R = Z,Z,, where Z, = Z, + VZ, + v*Z,, v3 = v. For
covering radii of binary and octonary block repetition code over R is also discussed. This leads to the
convenient formulation of code and arrives at the bounds.
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Abstrak
Korespondensi ini menentukan batas bawah dan batas atas dari jari-jari penutup suatu kode blok pernlangan pada
gelanggang hingga R = L, L, dengan L, = Ly + VL, + V?Ly, V3 = v. Dibahas juga jari-jari kode blok
perulangan biner dan oktonari atas R. Diperolel rumus untnk kode dan batasnya.
Kata Kunci: kode blok perulangan; penutup jati-jari; berat yang berbeda; gelanggang hingga.

2020MSC: 11T71, 94B05, 11H71.

1. INTRODUCTION

Recently, there has been substantial interest in the class of additive codes. In [1] [2], Delsarte
contributes to the algebraic theory of association scheme where the main idea is to characterize the
subgroups of the underlying abelian group in a given association scheme.

Additive codes over Z,Z, have been extensively studied in [3] [4] [5] [6]. In [7] [8], the author
gave lower and upper bounds on the covering radius of codes over the finite rings with respect to
different distance and they explained the covering radius of various repetition codes.

The above results motivate us to work in this area. In this correspondence, obtain the block
repetition codes over R, with respect to different weights such as Lee, Euclidean, Chinese Euclidean,
and Homogeneous. At this juncture, the meaning of constructing new codes is to concatenate binary
and octonary. These results in the block repetition codes over R, which contain the corresponding Z,
and Z, codes as a subclass.

2. PRELIMINARIES

Let R be a finite ring, where R = Z,Z, and Z, = Z, + vZ; + v?Z,, v® = v and Z, = {0,1} is an
integer modulo 2. That is, the finite rings Z, = {0,1,v,1 + v,v3, 1+ v, v+ v% 14+ v+ v?} and R =
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{00, 01, 0v, 0a, 0v?,0b,0c, 0d, 10,11, 1v, 1a, 1v?,1b,1c,1d}, where a=1+v,b=1+v%c=v+
v3,d=1+v+ v

In this section, some preliminary results are given based on [4] and [6]. A non-empty set C is an
R-additive code if it is a subgroup of Z§ X Zf . In this,case, C is also isomorphic to an abelian structure
7% x ZP | for some @ and B. That C is of type 248 as a group. It follows that it has |C| = 29+38

codewords and the number of order two codewords in C is |C| = 2%+B,
Let ¢: Z, - Z3, be a Gray map is defined by [9] [10]:

¢(0) = (0,0,0,0),

¢(1) =(0,1,0,1),

¢(v) =(0,0,1,1),

¢(a) = (0,1,1,0),

p(?) =(1,1,1,1),

¢(b) = (1,0,1,0),

¢(c) = (1,1,0,0),

$(d) =(1,0,0,1).
In general, the extension Gray map is

p =175 x 7P - 7%, withn = a + 38,
given by
p(u,w) = (u,qb(wl), qb(wﬁ)),‘v’u € Z%,V(Wl, "',WB) € Zf )

Then the binary image of a R -additive code under the extended Gray map is called a R-/near code of
lengthn = a + 36.

The Hamming weight of w, denoted by wty (u) and wt, (W), wtg (W), wtcg (W), Wty om (W) the Lee,
Euclidean, Chinese Euclidean and Homogenecous weights of W respectively where u € Z§ and
w € Zf .

In [11] [12] are defined as the vector of y = (y1,V2,***, ¥n) € Z, in table 1.

Table 1. Define for vector ¥y = (¥4, Y2, , Yn) € Z,.

Code y ELZ,

w; (y) 0ify = 0;1ify = {1,a,b, c}; 2ify = {v, v%}; and 4 otherwise

we (y) 0ify = 0;1ify = {1,d}; 4if = {v, v?, c}; and 9 otherwise

wer () 0ify =0;1ify = {1,d};2ify = {v,c};3if = {a, b} and 4 otherwise
Wyom (V) 0ify = 0;2if y # v?%; and 4 otherwise

If ¢4, c; € € be any two distinct codewords of distance dp are defined as
dp(C) ={dp(cy,c)|lc1 —c; #0and ¢y, c; € C}. The minimum weight of € is dp(C) =
min{dp(ci,c2)|c; —c; #0and ¢y, c; €CY. In C is a  linear code, then the dp(C)=
min{wp (c)|c # 0 € C}. Therefore, dp(cq,c3) = wp(c; — ¢3).

Let C € R™ is a linear code, where 1 is the length of code, the number of codewords N and the
minimum distance dp is said to be an (n, N, dp)-code in R. The weights of x are defined as wtp(x) =
wty(uw) + wtp(w) with x = (u,w) € Z§ % Zf, and u = (uy, -+, u,) EZ§, w= (Wl,'-',Wﬁ) € Zf,
where D = {Lee(L), Euclidean(E), Chinese Euclidean(CE) and Homogeneous(Hom) }.
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The Gray map defined above is an isometry that transforms the (weights) distances defined over
Z§ X Zf to the Hamming distance defined over Z3, with n = a + 3.

Example 21. Let y=(1v v?)€R Then wty(y) =3, wtzg(y) =9, wtcp(y) =7 and
WtHom(Y) = 8.

3. THE COVERING RADIUS OF CODES AND BLOCKREPETITION CODES IN R

Let € be a code of length n with minimum distance d over a code alphabet R. Then the spheres
of radius l%] around the codewords may not cover the whole space. The least non-negative integer

a such that the sphere of radius 1 around the codewords cover the whole space R" is called the covering
radius of the code. That is, the covering radius of C is

R(C) = max {rcneig{d(t. C)}}-

For a binary code C, its covering radius 7(C) is defined as follows
r(C) = max {rcneig{dH(t. c)}}-

The extension of this definition to codes over R is that the covering radius of acode C is the smallest

number a such that the spheres of radius 7 around the codewords cover ZS X Zf . Hence, the covering
radius of a code C over R, with respect to the distance(D), is given by

(€)= max {min{dp(t, )3},

tEZGXZ,
respectively. It is easy to see that 1 (C) is the minimum value 7, such that
p y y D D

Za X Z UCEC SrD (C)
respectively, where

Sp(w) = {w € Z§ X Zf; dp(u,w) < rD}, foru € Z§ x Zf.

In order to determine the covering radius of some classes of block codes over R are defined. The
approach in [1] is used to obtain the covering radius.
Let C™ be a block repetition code over R is an R-additive code of length n = 1121 n; with

generator matrix
n n; n3 N4 ns Ng n; ng Ng Nio

G=(01--010v---0v0a--0a0v?--0v20b--0b0c--0c0d--0d10---1011---111v -+ 1v

nqi1 niz ni3 N4 Nis

la--1al1v?--1v21b---1b1c--1c1d--1d), where a=1+v,b=1+v?,c=v+v3,d=1+v +
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If, for a fixed 1 <i < 15. Forall 1 < j # i < 15, nj = 0, then the code €™ = C™ is denoted by
C;. Therefore, the fifteen basic codes are given in Table 2.

Table 2. The fifteen basic codes

Generator Matrix Codes
Gol(Oa)(Ob)(Od) =[01--01] COl(Oa)(Ob)(Od) = {Ci,i=0 to 7}
GOv(OC) = [0v-- Ov] C0v(0c) = {co, €2, 4, C}

Gopz = [0V2 -+ 0v?] Copz = {co, Cs}

G1o = [10--10] Cro = {co, 1}

Gi11a)apy1ay = [11--11] Ciiaeab)a) = {Ciizoto1s)
Grvic) = [1v--1v] Civae) = {Ci,i=0,2,4-,6,8,10,12,14}
G2 = [10% - 10?] Civz ={cq, €12}

where {c; = 00 ++-00, ¢; = 01 - 01,¢c, = Ov - 0v,c5 = Oa - 0a,c, = Ov? - 0v?,c5 = Ob -+ Ob,
¢g =0c +-0c,c; =0d ---0d,cg =10 :++10,c9 =11 -+ 11,¢19 = 1v -+ 1v, ¢4 = 1a - 1a,cip =
1v? - 1v?,¢y3 = 1b -+ 1b, ¢4 = 1c - 1c,¢15 = 1d --- 1d}.

The following theorems provide the covering radius of (j, for 1 <j < 15.

Theorem 3.1. Let Cj 1<j<15 be the codes in the generator matric Gj 1<j<qs. Then

3 5

1. Tn < 1,(Co1) = 1,(Coq) = 1,(Cop) = 1,(Coq) < ?n.

2. n< TL(CO‘U) = 7"L(COC) < 3n,

3. n<1,(Cypz) < 3m,

4. 2n <1,(Cyp) < 4n,

5. 1.(C11) =1.(Cra) = 1,(Cyp) = 1,(C1q) = 2m,

6. T <1(Cp) =1.(Cie) <3, and

7. %n < 1.(C1p2) < 3n, where Cj1<j<1s is the covering radius of codes with assigned to the
lee weight in R.

Proof.

T)Forc € C;,1 < j < 15, let t;(c),0 < i < 15 denote the number of occurrences of symbol i
in the codeword c. Considering 1 to 15, that

n(¢) = )rcreljaeg(l{dL(y,Cj): 1<j <15}
If y € RTL aﬂd y 18 glVCn (to, tl' tz, t3, t4, t5, t6' t7, t8’ tg, th’ tll’ tlZ’ t13, t14, t15)3 Whefe
P20t =n, then
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d,(y,01) =n —t; + t3+ 3ts +t; + tg + tyg + 2t11 + t1p + 4ty3 + ts + 2ts,
d,(y,00) =n—t, +ty+ ty +3tg + to + ty1 + 2t;p + ty3 + tys + 4tys + 2tg,
d,(y,0a) =n—tg +t; +ts +3t; + tg + 2tg + tio + tip + 2t;3 + tys + 4tys,
di(y,002) =n —ty + 3ty + t; + tg + 4tg + to + 2tig + tyq + tyz + 2t + tys,
d(y,0D) =n —ts + 3ty + t3 + t; + tg + 4to + tyg + 2ty1 + typ + g + 2tg5,
d,(y,0c) =n—tg+ty+ 3ty + ty + 2tg + to + 4tyg + t11 + 2t1p + ti3 + tys,
di(y,0d) =n—t; +t; + 3ty + ts + tg + 2to + tyg + 4tyg + typ + 265 + tyg,
d,(y,10) = n=tg + t; + 2t, + t5 + 4ty + ts + 2tg +t; + t1g + 3t1p + tia,
d,(y,11) =n —tg + tg + t, + 2t5 + ty + 4ts + tg + 2t; + t1q + 3ty3 + ty5,
d,(y,1a) =n—ty; +to +2t; + tp + t4 + 2ts + tg + 4t; + to + t13 + 3tys,
dy (v, Tv2) = n — ty, + 4t + ty + 2t, + t3 + ts + 2t + t; + 3ty + to + 3ty
d(y,1D) = n'= ty3 + to + 4ty + t + 2t3 + t4 + te + 2t; + 3ty + ty1 + tys,
d,(y,1c) = n =ty + 2ty + t; + 4ty + t3 + 2ty + tg + t; + tg + 3ty + ty2,
dy(y,1d) = n—ty5 + to + 2t; + ty + 4t3 + tg + 2ts + te + to + 3ty + ty3.

Therefore, d; (y, Co1) = d;,(y, Coa) = d (¥, Cop) = d;,(, Coq) = min{d, (3500),d,&,01), —

d, (x,00),d; (y,0a), d; (x, 0v2),d; (v,0b),d, (,0c), d, (,0d)} < 2 and hence

11.(Cor) = 11.(Coq) = 1, (Cop) = 11.(Cog) <2

n n n n n n n n
8 8 8 8 8 8 8 8

If y=(00--0001--010v--0v0a--0a0v?--0v20b--0b0c--0c0d--0d) €R", then
du (v, Cor) = (v, Coa) = AL, Con) = du(v, Coa) = T + 2 (F5) + 5 +4 () + 15+ 2(55) +

1n—6 = %n. Thus 1,(Co1) = 1,(Coa) = 1.(Cop) = 1,(Coq) = 3%1 and hence, %n < 1.(Co1) = 11.(Cog) =
1.(Cop) = 1.(Coq) < 57n

2) In Copcocy, AL (¥, Cop) = d(y, Cor) = min{d, (y,00),d,(y,0v),d,(y,0v2),d,(y,00)} < 3n.
Thus, rL(CO‘IJ) = rL(COC) < 3n.

3

i i
If y=(00--000v--0v0v2--0v20c-0c) € R™, then d,(y,00)=d,(y,00)=d,(y,0v2)=
43,00 =2(2) + 4(2) +2(%) = n. Thus 1,(Cop) = 1.(Coc) 2 n and 50, 1 < 13.(Cp) = 11,(Coc)

N

< 3n.

3) In Cy,2, d;,(y, Cyp2) = min{d, (y,00),d, (y,0v2)} < 3n and hence 1, (Cy,2) < 3n.

n n
2 2

If y = (0000 0v2 -+ 0v2) € R™, then d;(y,00) = d;(y, 0v2) = n. Therefore, 1,(C,,2) = n and
thus n < 1,(C,,2) < 3n.
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4) In ClOa dL(}’: ClO) = mln{dL(y, m), dL(y’ ﬁ)} < 4n then 17, (Clo) < 4n.

n n
2 2

If y = (00---0001---01) € R™, then d;(y,00) = d,(y,01) = 2n. Thus 1,(C;y) = 2n and hence
2n < 1. (Cyp) < 4n.

5) In C11aayap)(1a)> ALY, C11) = dL (v, Cra) = d(y, C1p) = d (v, C1q) = min{d,(y, 00),d,(y,01),
dL (y; mj—); dL (y; 66—1)) dL (y; W)l dL (y, %)l dL (y; m)l dL (y; O—d_)l dL (y; T(_))' dL (y' H)' dL (y' 1_17_)'
d,(y,Ta),d,(y,1v?),d,(y,1b),d, (v, 1c),d,(y,1d)} < 2n. Therefore

1.(C11) = 1.(Ciq) = 1.(C1p) = 1(C1q) < 2n.

n n n n n n

16 16 16 16 16 16 16 16 16

Lety = (00---0001---010v---0v 0a--- 0a Ov? --- 0v2 0b -- 0b Oc - 0c 0d --- 0d 10 --- 10

n n n n n n n

16 16 16 16 16 16 16

11--111v--1vla--1lalv?---1v21b--1b1c--1c1d ---1d) € R", then d,(y,00) =
d,(y,01) = d,(,0v) = d,(y,00) = d;(y,0v?) = d;(y,0b) = d,.(y,0c) = d;(v,0d) =

d,(,10) = d;(y, 1D = d,(y, Tv) = d,.(y, Ta) = d,(y, 1v2) =d,(y,1p) = d, (v, 1c) =
d(yTd) =2+2(2)+Z+a(D)+2+2(D)+ 2+ 2+2(2)+3(2)+2(2)+
5(2)+2(2)+3(2 )+2(16)_32—"=2n. Thus rL(Cll)=rL(C1a)=rL(C1b)=rL(C1d)22n

16
and hence, 17,(C11) = 1,(C1q) = 1.(Cyp) = 1,(Cq) = 2.

6) In Cyy,d (3, C1p ) = d(y,Cic) = min{dL(y, 00), dL()’: W)' d,(y, 1v),d,(y, E)} = 3771, then

3
1,(C1p) = 1,(Cy) < Tn

n n
2 4

If y=(00--000v2--0v21v-1v1c-1c) € R™, then d,(y,00) =d,(y,002) =d,(y,1Tv) =
5n

d,(y,1c) = 4 (g) + 3( ) + 3( ) 2 Thus 1.(C) =7(Ge) 22 and so, 2 <7(Cry) =

1,(Cie) < 3771

NE
NE

7) In Cyp2,d; (¥, C1p2 ) = min{d, (y,00),d,(y, 1v2)} < 3n, then 1,(C,,2) < 3n.

n n
2 2

If y=(00--001v2--1v?) € R", then d,(y,00) = d,(y, 1v?) :%". Thus 11,(C,,2) z%" and

5n
hence -~ <7 (Cyy2) < 3n.

Theorem 3.2. The covering radius of Cj 1<j<15, With respect to the Euclidean, Chinese Euclidean and

Homogeneous weights are given by
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Table 3. The Euclidean, Chinese Euclidean and Homogeneous weights.

Codes Euclidean Weight Chinese Euclidean Weight Homogeneous Weight
(C01(0a)(0b)(0d)) = 2n <1z (C;) <5n n<r(C) <3n N < Tyom (C1) < 4n
(COu(Oc)) =, 32—n <71(C,) <6n n<1(C) < 3n n < 1yom(C,) < 5n
(Couz) = Cs n <rg(C;) <6n n <1p(C3) <3n N < Tyem(C3) < 4n
(C10) = Cs % <1(C)=7n %S 1 (Cy) < 3n % < Tom(Cy) < 51
(Cawanaa) = Cs %n <1p(Cs) < 97" %n < 1ce(Cs) < 5;” %n < Thom (Cs) < 3n
(Covaer) = Cs 74—” <7p(Ce) < HTn %n < 1¢5(Ce) < 4n 54—” < Thom (Cs) < 5n
(C1p2) = C, 2 < () <2 2 <rgp(C) < T 2% < Tyom (C;) < 3n

Proof. Use to Theorem 3.1 with different weights such as Euclidean, Chinese Euclidean and
Homogeneous.

Block repetition code in R

Let C™: BRep™*"2**M15 he the block repetition code over R is an R-additive code. Then the
nq n, ns Ny ng Ng

generator matrix G = [0101---01 0v0v --- Ov 0aOa --- 0a 0v20v? --- 0v2 0bOb --- 0b 0cOc -+- Oc

ny ng ng N19 ni1 Ni2 ni3 Niq

0dod ---0d1010---101111---11 1v1v---1v lala-- la 1v21v2--- 1v%2 1b1b ---0b 1clc -+ 1c

Nis

1d1d - 1d].

The parameters of C™:

— 15
n=lj=1m,
N = 16,

d; = min{(32ny + 32n, + 24n3 + 32n, + 24ns + 32n4 + 24n, + 8ng + 32nq9 + 32n4¢ +
32141 + 4004, + 32143 + 4004, + 32n45),32(ny + ny + ny +ng + ng +nyg + nyq +nq3 +
Nys) + 24(ng + ng + ny) + 8ng + 40(ny, + nqy)},

dp = min{(72n; + 48n, + 64n; + 32n, + 64ns + 48ng + 64n; + 8ng + 72nqg + 56n, +
72141 + 56M4, + 64145 + 56n4, + 72n45),72(ng + ng + nyq + nys) + 48(ny, + ng) +
64(n3; +ng + n,) + 32n, + 8ng + 56(nyg + nyy + nyy) + 640431,

dcg = min{(40n, + 32n, + 32n; + 32n, + 32ng + 32n4 + 32n,; + 8ng + 40ng + 40n,¢ +
4014, + 401y, + 401,53 + 40n,, + 40n,5),40(ny + ng + nyg + Nyq + Ny + N3 +nqy +
Nys) + 32(ny + ng + ny + ng + ng + n,) + 8ng},

dyom = min{(40n, + 32n, + 32n; + 32n, + 32ng5 + 32n4 + 32n, + 8ng + 40ng + 40n4¢ +
4014, + 401y, + 401,53 + 40n,, + 40n,5),40(ny + ng + nyg + Nyq + Ny + N3 +nqy +
Nys) + 32(ny + ng + ny + ng + ng + n,) + 8ngl.
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Theorem 3.3. Let C™ be the block repetition code in R with length n. Then the covering radius of
the block repetition codes are

3(7’11 +nz+ng +n7)+4(n2 +n4+n6)+8(n3+n9+n11+n13 +n15)+5(n10+n12 +Tl14,)
4

1.

<r(C") <

4‘0(7’11 +nz+ns+n;+nqg +n14)+48(n2+n4 +n6+ng+n12)+32 (n9 +nq1+n43 +Tl15)
16 ’

2' 3(7’11 +nz+ng +n7)+6(n2+n4)+4n4+n3+;9(n9+n11+n13 +n15)+7(n10+n14)+5n12 S TE(Cn) S

80(Tl1 +Nn3+ng+n;+ng+nq1+n13+nq4 +n15)+62 (nz +n12)+96(n4+n6+n10)+144n8

16 ’
3 4(n1+n2+n3+n4+n5+n6+n7)+n8+:(n9+n10+n11+n12+n13+n14+n15) < TCE(Cn) <
3(ny +ny + ng +ny +ng +ng +ny; +ng +ng +nyg + nyq +nyp + N3+ Ny + nys),
4. 4(n1+n2+n3+n4+n5+n6+n7)+n8+j(n9+n10+n11+n12+n13+n14+n15) < rHom(Cn) <
3(ny + ng + nyq + nqy +ny3 +ny5) + 4y +n3 +ny +ng + ng + 1y + ng +nqg + Nyy).
Proof.

Use to ref. [13] and Theorem 3.1, 3.2, thus

r (Cn) > 3(n1+n3+n5+n7)+4(n2+n4+n6)+8(n8+n9+n11+n13+n15)+5(n10+n12+n14)
L = .
4

Let X = X1 X,X3X4X5X6X7XgX9X10X11X12X13X14X15 € R™ with X1, X2, X3, X4, X5, X6, X7, Xg, X9, X10,
xll: x12; x13; x14; x15 iS (ai)r (bi)r (Ci)l (di)l (ei)l (ﬁ)l (gi): (hi)l (ki)l (li)l (mi); (ni); (Oi); (pi)!

: 15 o _yi15 _ 15 .

(qi)i=0,1,2,3,4—,5,6,7,8,9,10,11,12,13,14,15’ respectively such that ny = ¥j2o aj,nz2 = Xjzo by, 13 = Xj=0 ¢,
_ vi5 _ v15 _ 15 _ 15 _ 15 _ 15 _ 15

ng = Zj:() dj, ns = Zj:() €j, Neg = j=ofj, n; = Zj:ogj, ng = Zj:o hj, Ng = Zj:o kj, Nyg = Zj:o lj,

_ V15 _ V15 _ V15 _ V15 _ v'15
Ny =2 =0 Mj, N12 = > i=0 1, N13 = ) i=0 0j> N14 = ) i=0Pj,N15 = % i=094j-
J J J J jj

4—0(711 +nz+ns+n, +n10+n14)+48(n2 +ns+ngt+ng +n12)+32 (ng +nq1+n43 +Tl15)

n
Thus, 7, (C™) < -

Similarly, TE(Cn), TCE(Cn), THom(Cn). d
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