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Abstract

Let G = (V,E) be a graph of order n with no component of order 2. An edge k-labeling a: E(G) —
{1,2,...,k} is called a modular irregular k-labeling of graph G if the corresponding modular weight
function Wto: V(G) = Z, defined by wt,(x) = Xyyepe) @(xy) is bijective. The value wt, (x) is
called the modular weight of vertex x. Minimum k such that G has a modular irregular k-labeling is
called the modular irregularity strength of graph G. In this papet, we define modular irregular labeling
of C,, © mKj. Furthermore, we determine the modular irregularity strength of C,, © mKj.
Keywords: corona product; cycle; empty graph; modular irregular labeling; modular irregularity
strength.

Abstrak

Diberikan graf G = (V, E) dengan orde 0 dengan tidak ada komponen yang berorde 2. Sebuah pelabelan-k sisi
a: E(G) = {1,2,...,Kk} disebut pelabelan-k tak teratur modular pada graf G jika fungsi bobot modularnya
wty 2 V(G) = Zy, dengan Wty (x) = Yxyer(c) @(xy) merupakan fungsi byeksif. Nilai Wt (x) disebut
bobot modular dari simgpul x. Mininmm dari k sebingga G mempunyai pelabelan-k tak teratur modular disebut dengan
kekuatan ketakteraturan modular dari graf G. Pada tulisan ini, didefinisikan pelabelan tak teratnr modular pada
C,, © mK;. Lebib lanjut, ditentukan kekuatan ketakteraturan modular dari C,, O mK;

Kata Kunci: basil kali korona; lingkaran, graf kosong, pelabelan tak teratur modular, keknatan ketakteraturan
modular.

2020MSC: 11T71, 94B05, 11H71.

1. INTRODUCTION

Let G be a graph. Labeling of graph G is a function that assigns a set of graph elements to a set of
numbers. Research on graph labeling was initiated by Rossa in 1967 [1]. Some types of labeling that
have been widely studied are graceful labeling, magic labeling, antimagic labeling, and irregular labeling.

The idea of irregular labeling was first proposed by Chartrand et al. in [2]. If on a simply connected
graph G there exists an edge k-labeling such that its vertex weights are distinct, then the k-labeling is
called an irregular k-labeling of G. The problem studied in irregular labeling is determining the minimum
value k of any irregular k-labeling of graph G. This parameter is called the Zrregularity strength of G,
denoted by s(G). An upper bound for the irregularity strength of the graph is given by Kalkowski et
al. in [3]. Some findings of the irregular assignment can be seen in [4]—[6].

There are some types of labelings motivated by this labeling, namely edge irregular labeling, vertex
irregular total labeling, edge irregular total labeling, etc. An edge irregular k-labeling is a vertex k-labeling
whose edge weights are distinct. Ahmad et al. gave a lower bound of the edge irregularity strength
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in [7]. Several results of the edge irregularity strength of graphs can be seen in [7]—[10]. Encouraged
by the idea of various kinds of other total labelings, total edge irregular labeling, and total vertex
irregular labeling can be defined. The total edge irregularity strength of some graphs is determined in
[11]-[18]. While some findings on the total vertex irregularity strength of graphs are shown
in [19]-[22].

Another type of labeling inspired by irregular labeling is modular irregular labeling which is
introduced by Baca et al. in [23]. Let G = (V,E) be a graph of order n with no component of
order 2. An edge k-labeling a: E(G) — {1,2, ..., k} is called a modular irregular k-labeling of G if the
corresponding weight function wt, (x): V(G) — Z,, defined by

wie ()= ) aly)
xy€E(G)

is bijective. The value Wt (x) is called the modular weight of the vertex x and Z,, is a complete set of
residues modulo n.

The minimum value of k such that G has a modular irregular k-labeling is called the modular
irregularity strength of G, denoted by ms(G). If there is no modular irregular labeling of G, we define
ms(G) = oo. In [23], Baca et al. proposed some fundamental lemmas and theorems about modular
irregular labeling as follows.

Lemma 1. [23] Let G = (V,E) be a graph with no component of order 2. Any modular irregular k-
labeling of G is also an irregular labeling of G.

Lemma 2. [23] Ler G = (V, E) be a graph with no component of order < 2 and s(G) = k. If there
exists an irregular k-labeling of G such that weights of the vertices constitute a set of consecutive

integers, then
s(G) =ms(G) = k.

Theorem 1. [23] Let G = (V, E) be a graph with no component of order < 2. Then
s(G) < ms(G).

Theorem 2. [23] If G = (V, E) is a graph of order n, n = 2 (mod 4), then G has no modular irregular
k-labeling, i.e. ms(G) = co.

In [23], Baca et al. proved that some graphs have modular irregular labelings, such as path, star,
triangular graph, gear, and cycle. The modular irregularity strength of complete graphs and some
classes of bipartite graphs are proved in [24]. Tilukay in [25] proved that triangular book graphs admit
a modular irregular labeling and its modular irregularity strength and irregularity strength are equal,
except for a small case and the infinity property. While, Sugeng et al. in [26] defined modular irregular
labelings of the regular double-star graphs and friendship graphs. Hinding et al. proved the modular
irregularity strength of dodecahedral-modified generalization graphs in [27]. Furthermore, in [28],
Muthugurupackiam and Ramya proved the modular irregularity strength of two classes of graphs.

Considering Theorem 1, the interesting topic is the conditions for a graph G such that s(G) =
ms(G) and s(G) < ms(G). Baca et al. in [29] compared the irregularity strength and modular
irregularity strength of wheels. If n = 5 or n = 1 (mod 4), then s(W;,) < ms(W,), otherwise s(W,) =
ms(W,). In [30], Baca et al. proved that the irregularity strength and modular irregularity strength of
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fan graphs are not always the same. If n =8 or n =1 (mod 4), then s(F,) < ms(F,), otherwise
s(F,) = ms(F,). While in [31], Apituley et al. proved that the irregularity strength of friendship graphs
is equal to its modular irregularity strength.

The corona product of two graphs G and H, denoted by G O H, is a graph obtained by taking
one copy of G (which has n vertices) and n copies Hy, H,, ..., H, of H, and then joining the i-th vertex
of G to every vertex in H;. In [32], Muthugurupackiam and Ramya defined modular irregular labeling
of corona products of C;,, and P, for 1 < n < 3 and also determined its modular irregularity strength.
In [33], it was defined as irregular labeling of corona product of C,, and mKj, denoted by C, © mKj.
The order of C,, © mK; is (m + 1)n; since it has a copy of C, and n copies of mK;. The vertices’
weights of C, © mK; in [33] do not constitute a set of consecutive integers nor form a complete set
of residues of modulo (m + 1)n. Furthermore, it was proved that s(C, © mK;) = mn. Later in this
paper, we define modular irregular labeling of €, © mK; and determine its modular irregularity
strength.

2. METHODS

We provided definitions, lemmas, and theorems of modular irregular labeling based on some
references. We define the notations of the vertices of C,, © mK;. Then, we construct an edge mn-
labeling of C,; © mK; such that the vertices’ weights constitute a complete set of residues of modulo
(m + 1)n. The last, we determine its modular irregularity strength by considering Theorem 1.

3. RESULTS AND DISCUSSION

According to Theorem 2, modular irregular labeling is not able to be defined of C,, © mKj if its
order is congruent to 2(mod 4). Thus, graphs C,; O mK; which n and m as given in Table 1 do not
have modular irregular labeling.

Table 1. The values n and m for which €, © mKj has no irregular modular labeling

n m
1 (mod 4) 1 (mod 4)
2 (mod 4) 0 (mod 4)
2 (mod 4) 2 (mod 4)
3 (mod 4) 1 (mod 4)

Here, we define a modular irregular mn-labeling of €, © mK; of order (m + 1)n, (m+ 1n #
2(mod 4) and prove that its modular irregularity strength is equal to its irregularity strength.

Theorem 3. For n >3 and m > 1, let G, © mK; be a corona product of C, and mK; of order
(m + 1)n where (m + 1)n % 2 (mod 4). Then ms(C, ©® mK;) = mn.

Proof.

First, we define the notation of each vertex in €, © mK;j. Let the vertices of the cycle C, be denoted
by {uy,uy, ..., un} and the vertices of mK; which correspond to vertex u; € C,, are denoted by
{vil, viz, e vlm} The modular irregular mn-labeling of C,, © mK; is divided into six cases.
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Case 1: n = 1(mod 2) and m = 3(mod 4); n = 0(mod 2) and m = 1(mod 4)

For the first case, we define an edge mn-labeling a: E(C,, © mK;) — {1,2, ..., mn} as follows.
Forl<i<nand1l<j<m,

; j — 1) +i;ifjis odd
a(uv!) = {n(]_ . , 1
(i) nj—i+1:ifjiseven @

a(uiuiyr) = aluyuy) = w

Hence, the weights of the vertices are as follows.
Forl<i<nand1<j<m,

A iy _ InG =1 +i;ifjis odd

wt,(w;)) =mn+i+ mT_ln(m +1) =(mn+i) (mod n(m + 1)).

The vertices’ weights given in (2) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (1) is a modular irregular mn-labeling of C, © mKj;. In Figure 1, we
show a modular irregular 9-labeling of €3 O 3K; and its modular vertices’ weights.

1.\1 T ?/T

.

6
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9.—9% 4 1\ 2—@?2
Iy 85\05
v v

Figure 1. A modular irregular 9-labeling of C3 O 3K; and its modular vertices” weights.

Case 2:n = 1(mod 4) and m = 0(mod 2)

For the second case, we define an edge mn-labeling a: E(C, © mK;) — {1, 2, ..., mn} as follows.
Forl<i<nand1l<j<m,
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( nG—-1+i ;if j is odd
. I nj—i+1 ;ifjiseven, j <m
“(uivi])Z{ln(m—l)-Fi—nT_l j=mi>> ©)
kn(m—l)+i+nT+1 ;j=m,i<§

(n-1)(m- 1)

a(u u1+1) - a’(unul) - 4

Hence, the weights of the vertices are as follows.
Forl<i<nand1<j<m,

I( n(Gj—1)+i ;if j is odd
. . nj—i+1l  ifiiseven, j <m
wia(o]) = alur]) = A nm - 4111 3 ret @
J ) 2
n+1

\nm -1 +i+— ;j:m,i<§

For1<i< g, wt,(u;) = %n(m +1)+2i—n = (nm+ 2i) (modn(m + 1)).

For% <i<nwt,(u) = %n(m +1D)+2i—-2n=(Mmm-—n+2i) (modn(m + 1)).

The vertices’ weights given in (4) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (3) is a modular irregular mn-labeling of C,, © mK;. In Figure 2, we
show a modular irregular 20-labeling of Cs O 4K; and its modular vertices’ weights.
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Figure 2. A modular irregular 20-labeling of C5 O 4K; and its modular vertices” weights.
Case 3: n = 3(mod 4) and m = 0(mod 2)

For the third case, we define an edge mn-labeling a: E(C, © mK;) — {1, 2, ..., mn} as follows.
Forl<i<nand1<j<m,
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( n(G—-1)+i ;if j is odd
i | nj—i+1 ;ifjiseven, j <m
a(uivi)zin(m—l)‘ki—nT_l ,]:m,l>§ 5 (S)
kn(m—1)+i+n7+1 ;j=m,i<§
a(uiuiyr) = aluuy) =n+ w
Hence, the weights of the vertices are as follows.
Forl1<i<nand1l<j<m,
( n(G—-1)+i ;if j is odd
j j I nj—it+l ;ifjiseven, j <m
Wta(vi):a(uivi)zin(m—1)+i—n7_1 ;j=m,i>§ , (6)
tn(m—1)+i+n7+1 ;j=m,i<§

For1<i< g, wt,(u;) = nm + 2i + n(m + 1)% = (nm + 2i) (mod n(m + 1)).

For§< i <n,wty,(u;)) =nm+ 2i —n+n(m+1)%5 (nm —n + 2i) (modn(m+1)).

The vertices’ weights given in (6) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (5) is a modular irregular mn-labeling of C,, © mKj.

Case 4: n = 0(mod 2) and m = 3(mod 4)

For the fourth case, we define an edge mn-labeling a: E(C, © mK;) — {1, 2, ..., mn} as follows.
Forl<i<nandl1<j<m

iy nG =1 +i;ifjis odd
a(ulvi) _{nj—i+1 ;if j is even’ (7)
( ) w,iﬁisodd
alUiliy1) = _ ’
M,ifiiseven,i<n

m(2n—-1)+3

a(unul) = 2

Hence, the weights of the vertices are as follows.
Forl<i<nand1<j<m

wtolv) = ) = |

n(j — 1) + i;ifj is odd )
nj—i+1:ifjiseven

wt,(u;)) =mn+j+ mT_ln(m +1)=(mm+1i) (mod n(m + 1)).
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The vertices’ weights given in (8) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (7) is a modular irregular mn-labeling of €, © mK;.

Case 5: m,n = 0(mod 4)

For the fifth case, we define an edge mn-labeling a: E(C, © mK;) — {1, 2, ..., mn} as follows.

Forl<i<nand1<j<m,

i —1 i ;if j is odd
a(uivi]) = {n(]. .) o , )
nj—i+1;ifjiseven
—m(e’;’_n +i ;1< <§
a(u;tti) = m(3n-1) 1) n— l] "ci<n’
4 2
a(uyu,) = W.

Hence, the weights of the vertices are as follows.
Forl<i<nand1l<j<m,

_ ) n(j — 1) + i;ifjis odd
weo(v]) = a(u]) = { nj—i+1.ifjiseven i
m 4 2i—1 = (mn+ 20— 1) (modn(m+ 1)) ;1< i<
Wta(ui) = 2 isn

mn(m+3) +2(n—i+1) = (mn +2(n—i+ 1)) (mod n(m + 1))

The vertices’ weights given in (10) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (9) is a modular irregular mn-labeling of C,, © mKj. In Figure 3, we
show a modular irregular 16-labeling of €4 © 4K; and its modular vertices’ weights.

Case 6: 1 = 0(mod 4) and m = 2(mod 4)

For the sixth case, we define an edge mn-labeling a: E(C, ©® mK;) — {1, 2, ..., mn} as follows.

Forl<i<nand1l<j<m,
—1) +i;ifjisodd

a(uv! :{n(]' . , 11

(uvy) nj—i+1;ifjiseven )

MUy l42[ i<t

a(uu; 1) =
ihi+1 m(BZ 1)+ +Tl—lr_<l<n
m(3n-1)
a(up,uy) = T
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Figure 3. A modular irregular 16-labeling of €, O 4K, and its modular vertices” weights.

Hence, the weights of the vertices are as follows.
Forl1<i<nand1l<j<m,

- i | — 1) +i;ifjis odd
wt,(v!) = a(uv! :{n(]' . , 12
«(v() = alu)) nj—i+1;ifjiseven (12
w+2i—1 E(mn+2i—1)(modn(m+1)) ;1Si§§
Wt“(ui)z mn(m+3) 2 i< :
T+2(n—l+1)_(mn+2(n—l+1))(modn(m+1)) L=n

The vertices’ weights given in (12) constitute a complete set of residues modulo n(m + 1). Thus,
the edge mn-labeling given in (11) is a modular irregular mn-labeling of €, © mK;. In each labeling
D, 3), 5), (7), (9), and (11), the maximum label is mn. From [33], we know that s(C, © mK;) =
mn. Considering Theorem 1, we conclude that s(C, © mK;) = mn. ]

4. CONCLUSIONS

We defined modular irregular mn-labelings of €, © mK; of order (m+ Dn, (m+ 1n #
2(mod 4), in six cases. We proved that ms(C, © mK;) = nm if (m + Dn % 2(mod 4). Thus, its
modular irregularity strength is equal to its irregularity strength except when (m + 1)n # 2(mod 4).
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