InIrime: Indonesian Journal of Pure and Applied Mathematics,
Vol. 3, No. 2 (2021), pp. 86 - 91, doi: 10.15408/inprime.v3i2.20116
p-ISSN 2686-5335, e-ISSN: 2716-2478

Cubic Polynomial for the Series of Consecutive Cubes under
Alternating Signs

Leomarich F. Casinillo'* and Crisanto L. Abas?
12 Department of Mathematics, Visayas State University, Visca, Baybay City, Leyte, Philippines
“Corresponding e-mail: leomarichcasinillo02011990@gmail.com

Abstract
This paper aims to develop an elegant formula for the series of consecutive cubes of natural numbers
under alternating signs. In addition, this paper investigates the formula under odd and even number of
terms and discuss some important findings.
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Abstrak

Paper ini bertujuan membangun formula yang elegan untuk deret berganti tanda bilangan-bilangan
kubik berurutan. Paper ini juga menyelidiki formula untuk banyak suku ganjil dan untuk banyak suku
genap, dan mendiskusikan beberapa temuan penting.

Kata kunci: bilangan kubik berurutan; berganti tanda; suku ganjil dan suku genap.

1. INTRODUCTION

Mathematicians have worked to find a constructive formula for the following equation (see [1]

2] [3] [4] [5]):
PA+@A+DP 4+ +QA+t—-1DP =3P, 1)
where A and t are any positive integers. In this paper, our focus is the sum of the first ¢ terms of

consecutive cubes denoted by S (4, x) and S£ (4, x), where the superscript 0 and e stands for odd
and even terms, respectively. That is,

SEAX) =2 +QA+13+ - +(A+2x—2)} = X123, )
where 4, x are positive integers, t = 2x — 1, and
SEAD)=2+QA+1D%+ - +(A+2x —1)° =3} j3, 3)

where 4, x are positive integers, and t = 2x. We have that

3 2
S(Lx) =12+ 23+ -+ +3 = 3 3 = HED (4)

where X is a positive integer and t = f(x). The equation (4) can be proven by mathematical induction.
Forth, we extend equation by Casinillo and Mamolo [6], which dealing with an alternating consecutive
square of positive integers. Hence, the goal of this paper is to construct an equation of an alternating
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sum of the first t terms of consecutive cubes denoted by A (4, x) and Af (4, x), where the superscript
0 and e stands for odd and even terms, respectively. If A is even, we have

AAX) =2 - A+ 13+ +(A+2x —2)° = X A(-1)/)5, (5)
where X is a positive integer and t = 2x — 1. And if 4 is odd, we also have
AAX) =2 —@A+1)3 4 +(A+2x —2)3 = RT3, (6)
where X is a positive integer and t = 2x — 1 . And for alternating even terms, we have
AQD)=B-A+1%+ - —(A+2x - 1)} =32 1(-1)/j3, (7)
for A even and X is a positive integer and t = 2x . Finally, if A is odd, we have
AAX) =2 —QA+1)3+- - —(A+2x —1)° = R} (-1)/*3, (8)

where X is a positive integer and t = 2x . In this paper, we developed a cubic polynomial formula that
computes the sum of consecutive cubes under alternating signs. Furthermore, we had also investigated
the formula under even and odd terms.

2. RESULTS

Our first theorem is quick from equation (5) and (6) above when t is odd. The theorem shows
the cubic polynomial for the sums of consecutive cubes under alternating signs with odd terms.

Theorem 1. Let A and x be positive integers. If x = % where t = 1(mod 2), then

A4, x) =4x* + (64— 9)x* + BA2—91+6)x + (A —1)3 > 0. ©)
Proof. Let X be a positive integer. Since A? (4, x) is a cubic polynomial in nature, then we suppose that
A2(4,x) = azx® + a,x? + a;x + a, where a; = f;(1),i = 1,2, 3,4 are positive integers and functions of

positive integer L. To solve for coefficients a;, we let x = 1,2, 3, 4. Then, we obtain the following
system of equations

I( a3+a2+a1+a0=l3
4 8az + 4a; + 2a; +ag = X, (=1)/ (A + )3
I 27(13 + 9(12 + 3(11 + ag = ?:0 (_1)1(1 +])3 (10)

64as + 16a, + 4a; + ag = X0, (-1 (A + j)3.

By Gaussian Elimination, expression (10) rewrite by following

as +a, +a; +ag =13
7a; +3a, +a; =312 +91+7 (11)
42a; + 6a, = 361 + 114
as = 4.

Under backward substitution in (11), we have the following values for a; ,i = 0,1, 2, 3.
(ap=Q—-1)°
{a1=3/'12—9)l+6 12)
a, =64-9
az = 4.
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Moreover in (12), for A = 2, a; >0 for all { and for 4 =1, az+a, +a; +ag > 0. Thus,
A2(A,x) > 0 for all positive integer x. Next, we verify that equation (9) holds for all positive integer.
Without loss of generality (WLOG), for & = 0(mod2), A(x) be

A(,x) = TP = 4x3 + (61— DK + B2 - 94+ 6)x + (A -1, (13)
where t = 2x — 1 and A be any positive integer. For x = 1, the statement A(x) is true, that is
B =413+ 6A-9)(12+ (B2 -9+ 6)(1) + 1 —1)3 = 23,

Note that, the induction hypothesis is given by the statement A(x). Now, we want to show that
equation (13) holds for x + 1, that is, the statement A(x + 1) . So, we have

A, (A x+ 1) =222 (-1 - A+ 20 — D3 + (A + 2x)°. (14)

From our assumption, we obtain
A, ALx+1)=4x3+ (61— 9Dx?+ BA2 =921+ 6)x + (A —1)3 — (A4 2x — 1) + (1 + 2x)3. (15)
By directly expanding, simplifying and factoring terms in (15), we have

A, (Lx+ 1) =4x+1)+ (61 —Dx+ 1D+ BA2=-92+6)(x+ 1D+ (A —-1)3 (16

Thus, A(x) is true for all positive integer X and hypothesis follows. This completes the proof. []

Illustration

The following table shows the alternating sum for the first 10 values of A.

Table 1. Alternating sum for the first 10 A's

A AY (4, x) Expanded Form (t = 2x — 1)
1 A2(1,x) = 4x3 — 3x? 13223 4 .. ¢3
2 A2(2,x) =4x3+3x2+1 23 _33 4 ... 4¢3
3 A2(3,x) =4x®+9x* +6x +8 32434 . 43
4 A2 (4,x) = 4x3 + 15x% + 18x + 27 42 53 4oy g3
3 A2(5,x) = 4x3 + 21x? + 36x + 64 53 — 63 4 o+ £3
6 A2(6,x) = 4x® + 27x* + 60x + 125 63 — 73 4 ot £3
7 A2(7,x) = 4x* +33x% + 90x + 216 73 83 4 oot 3
8 A%(3,x) = 4x3 4+ 39x? + 126x + 343 83— 03 4 ... 4¢3
9 A9(9,x) = 4x3 + 45x2 + 168x + 512 93 — 103 4 - + £3
10 A2(10,x) = 4x® + 51x* + 216x + 729 103 — 113 + -+ £3

The following corollary is a consequence from Theorem 1. This result shows the cubic polynomial
formula for the series of consecutive cubes for at most 7 terms, thatis, t < 7 where t is odd.
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Corollary 1. Let A and x be positive integers. If x = % < 4 where t = 1(mod2), then

S2(4,x) = (81 + 28)x3 + (642 — 181 — 127)x? + (243 — 912 + 131 + 194)x +
(=23 + 322 =31 —95).

The next theorem shows the cubic polynomial for the sums of consecutive cubes with even terms.

Theorem 2. [et A and x be positive integers. If x = % where t = 0(mod2), then

A?(4,x) = —4x3 + (—64 + 3)x? + (—34% + 31)x < 0.

(17)

Proof. Let x be a positive integer. Since A9(4,x) is a cubic polynomial in nature, then we suppose that
A?(4,x) = azx® + azx? + a;x + ag where a; = f;(1),i = 0,1, 2,3 are positive integers and functions
of positive integer A. To solve for coefficients a;, we let x = 1,2, 3,4. Then, we obtain the following

systems of equations

l( az+a; +a; +ag =X, (-1)/(A+))?
4 8as + 4a, + 2a, + a, = ]3-=0(—1)j()L +5)?
| 27a3 + 9a2 + 3a1 + ag = ?:0(_1)1(/1 +])3
\64a; + 16a, + 4a; + ao = Yoo+ )3

By Gaussian Elimination, we can rewrite (18) as follows

(az+a;+a;+ay=-31°-31-1

{ 63a; + 15a, + 3a; = =912 — 811 — 207
42a5 + 6a, = =361 — 150

k az = —4.

Then, under back substitution in (19), we obtain the following values for a;,i = 0,1, 2, 3,

a, =0

a, = —31*+ 31
a,=—-61+3
az = —4.

Morteover in (20), since 4 >0, a; < 0 forall i = 0,1,2,3, we have A% (4, x) < 0 for all positive

integer X. Next, we verify that equation (17) holds for all positive integer x. WLOG, let 4 =
0(mod2). Hence, we let B(x) be

Af(4,x) = TN (=1) % = —4x® + (=62 + 3)x? + (=322 + 32)x,
where t = 2x and A any positive integer. For x = 1, B(x) is true, that is

B—A+1)2=-41)°3+(=621+3)(D?+ (-322+31)(1D)
—312-31—-1=-322-31—-1.

(18)

(19)

(20)

(21)

Our induction hypothesis is given by the statement B(x). So, we show that equation (21) is hold for

x + 1, that is, the statement B(x + 1). So, we have
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AL, x+1) =2 (=173 + A+ 20°% — (A + 2x + 1), (22)
Hence, from our assumption, it follows that
Af (x4 1) =—4x3 + (=61 +3)x? + (—322 +3D)x + (A +2x)° — (A +2x + 1)3.  (23)
By directly expanding, simplifying and factoring terms in equation (23), it implies that
A ,(Lx+1)=—4(x+ 13+ (—61+3)(x +1)% + (—322 + 31 (x + 1). (24)
Thus, B(x) is true for all positive integer x and hypothesis follows. This completes the proof. []

Illustration

The following table shows the sum for the first 10 values of A for even terms.

Table 2. Alternating sum for the first 10 A's

» AF(4,x) Expanded Form (t = 2x)
! A (1,x) = —4x® — 3x? 13223 4¢3
2 AZ(2,x) = —4x® — 9x* — 6x 23 33 4...—¢3
3 A£(3,x) = —4x® — 15x% — 18x 33 _43 4 g3
4 A7 (4,x) = —4x® — 21x* — 36x 43 —53 4.3
> A8 (5,x) = —4x® — 27x* — 60x 53— 63 4 o — 3
6 AZ(6,x) = —4x® —33x% — 90x 63 —73 4 .. t3
’ AZ(7,x) = —4x® —39x% — 126x 73 —83 4. 3
8 A% (8,x) = —4x® — 45x% — 168x 83 —93 4.3
9 A¢(9,x) = —4x3 — 51x? — 216x 93 _ 103 4 . — ¢3
10 A2(10,x) = —4x3 — 57x% — 270x 103 — 113 4 .- — 3

Corollary below is an immediate from Theorem 2 showing the cubic polynomial formula for the series
of consecutive cubes with at most 8 terms, that is, 8 > t = 0(mod2).

% < 4 where t = O(mod2), then
SE(A,x) = (844 36)x3 + (642 — 64 — 139)x% + (2A%> — 34% + 1 + 200)x — 96.

Corollary 2. Let A and x be positive integers. If x =

3. CONCLUSION

This paper developed new formula for the series of natural number t consecutive cubes under
alternating signs. The formula is constructed in a cubic polynomial form which is a function of two
positive integers. It is concluded that series with odd term and even term have positive and negative
values, respectively, ie., A7 (4,x) > 0 and Af(4, x) < 0. Both cubic polynomial formula for A? (4, x)
and A% (4, x) is proven by mathematical induction. Furthermore, we also developed a cubic polynomial
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formula for sum of cubes, that is S (4, x) and S£ (4, x), in which it is only valid for at most 7 and 8
terms in the series, respectively.
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