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Abstract
A decomposition of a graph P into a family Q consisting of isomotphic copies of a graph Q is (a, b)-
Q-antimagic if there is a bijection @: V(P) UE(P) = {1,2,3,4...,vp + ep} such that for all
subgraphs @’ isomorphic to 0, the O-weights

p@)= D e+ Y 9@

vev(Q") e€E(Q")

constitute an atithmetic progression a,a + b,a + 2b,...,a + (r — 1)b where a and b are positive
integers and 7 is the number of subgraphs of P isomorphic to Q. In this article we prove the existence

of a (a, b)-P,-antimagic decomposition of a generalized Peterzen graph GPz(n, 3) for several values
of b.
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Abstrak
Suatu dekomposisi dari suatn graf P ke dalan suatu famili Q yang terdiri dari salinan isomorfik dari graf Q dikatakan
(a, b)-Q-antigjaib jika terdapat pemetaaan bijektit @:V(P) U E(P) — {1,2,3,4 ...,vp + ep} sedemikian
sehingga semna subgraf Q’ yang isomorfik ke Q, dengan bobot-Q sebagai berikut

p@)= D e+ Y 9@

vev(Q") e€E(Q")

_yang membentuk suatu barisan aritmatika yaitn 6,0 + b,a + 2b,...,a + (r — 1)b dengan a dan b adalab
bilangan bulat positif dan r adalah banyaknya subgraf dari P yang isomorfik ke Q. Pada artikel ini, kanii membuktikan
eksistensi (Q, b)-Py-antiajaib dekomposisi dari graf generalized Petetzen GPz(n, 3) untuk beberapa nilai b.
Kata kunci: selimut; dekomposisi; antiajaib; generalized Peterzen.

1. INTRODUCTION

All graphs are finite and simple graphs. The edge and vertex sets of a graph P are denoted by
V(P) and E (P), respectively, where |V(P)| = vp and |E(P)| = ep. A graph labeling of a graph P is
a bijective function that carries a set of elements of P onto a set of labels, usually, a set of positive
integers. If the domain and co-domain of this function are V(P)UE(P) and the
set {1,2,3,4,---,vp + ep}, respectively, then it is called a 7otal labeling.

An edge-covering of P is a family of subgraphs Q = {Q4, @2, Q3,..., Qk} such that each edge
of E(P) belongs to at least one of the subgraphs Q;,1 < i < k. Then it is said that P admits
an (Q1, Q2, Q3, ..., Qr)-(edge) covering. If every Q; is isomorphic to a given graph Q, then P admits an

O-covering [1]. An (Q1,Q2,Q5, ..., Qx)-(edge) covering of P is called an (Qq, Q2,Q3,..., Q%) -

Submitted March 4, 2021, Revised October 10th, 2021, Accepted for publication October 11th, 2021.
This is an open access article under CC-BY-SA license (https://creativecommons.org/licence/by-sa/4.0/)



Another Antimagic Decomposition of Generalized Peterzen Graph

decomposition, if E(Q;) N E(Q;) = @ for i # j. If every Q; is isomorphic to a given graph Q, then P
admits an Q-decomposition.

Suppose P admits an Q-decomposition and let f : V(P)U E(P) = {1,2,3,4...,vp+ ep} bea
total labeling. An Q-weight of a subgraph Q of P under a total labeling is the sum of all edge and
vertex labels on Q. If every subgraph @ € Q has the same Q-weights, then it is called an Q-magic
decomposition of P.1f all Q € Q have distinct Q-weights, then it is called an Q-antimagic decomposition
of P. In particular, if Q-weights of all Q € Q are an arithmetic sequence with the first term a and a
common difference b then it is called an (a, b)-H -antimagic decomposition of P.

Inayah et al. [2] [3] introduced an (a, b)-Q-antimagic total labeling of a graph P admitting an Q-
decomposition, denoted as an (q,b)-Q-antimagic decomposition as a bijective function
¢: V(PUEP) —{1,2,3,4..., | (P)|+ | E(P)|} such that for a subgraph (Q‘isomorphic to 0, the
O-weights  @(Q") = Yveve) @ (W) + Xeeron @ (e) constitute an arithmetic progression
a,a + b,a + 2b,..,a + (r — 1)b where a and b are positive integers and 7 is the number of all
subgraphs of P isomorphic to Q. The recent results on this subject can be seen, as an example,
in [4] and [5]. The complete results can be seen in a dynamic survey of graph labelings by Gallian [6].

In this atticle, we proved (a, b)-P,-antimagic decompositions of generalized Peterzen graphs

GPz(n, 3). We show that the graphs admit (a, b)-Py-antimagic decompositions for several values
of b.

2. MAIN RESULTS

In this section, we prove the existence of the (a,b)-P,-antimagic decomposition of the
generalized Peterzen graph GPz(n,3) for b € {1,2,3,4,5}. Watkins [7] defined the generalized
Peterzen graph GPz(n, 3) as a graph having vertex set

V(GPz(n,3)) ={v,u:0<i<n-1}
and edge set
n-1

Outer Rim Ep ((GPz(n, k)) = {uiu(iﬂ) mod ”}i=o ,

n-1

i=0"

Inner Rim E;((GPz(n, k)) = {viv(Hk) mod n}
Spoke Es(n, k) = {u;v; 3147

Let Q = {P?, P}, ..., P}, where the edge and vertex sets of the subgraph P} defined as follows:
Fori € [0,n — 1],

V(lei) = {vitv(i+3)mod n Ui U(i+1)mod n* 0<i<n- 1},
E(Pi) = {viv(i+3)mod o UiV Ui 1U(i+1)mod n* 0<i<n- 1}-

It is not difficult to see that Q = {PY, P}, ..., P{* '} is a Py-decomposition of GPz(n, 3). Figure 1
displays the generalized Peterzen Graph GPz(n, 3).
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Figure 1. Generalized Peterzen Graph GPz(n, 3)

Theotrem 1. For any integer n 2= 7, the graph GPz(n, 3) has a (20n + 4, 1)-Py-antimagic decomposition.
Proof. Define a total labeling ¥, on the edges and vertices of the graph GPz (n, 3) in the following

way
_(i+5 fori € [0,n — 5]
Y (viv(i+3)moan) = {—n +i+5 fori € [n—4,n—-1]
_ 2n fori=20
Yy (viuy) = {n +i fori € [1,n —1]
m+1 fori =0
¥ (uiu(i+1) mod n) = {371 —i+1 fori € [1,n —1]
4n —i—13 fori € [0,n — 5]
W, (w; =
() {Sn—i—3 fori € [n—4,n—1]
¥, (1) = 4n+i+1 fori € [0,n —1]

It can be seen that the labeling ¥, is a bijective function from E(GPz(n,3)) UV (GPz(n,3)) to
{1,2,3,4,..,3n} and ¥,(V(GPz(n,3))) ={1,2,3,4 ...,n+ 1}. Furthermore, the P,-weight
under the labeling ¥, are as follows.

(W(viiea) + ¥a(Viviies) + Yo + Yo (viuy) + ¥ (up)
+'Pq(uiu(i+1)) + ¥, (u(iﬂ)),fori € [0,n — 4]

q’q(vo) + '1Uq (vivo) + lIUq (vi) + Wq(viui) + lIUq (ui)
+¥, (wugen)) + ¥y (uqsny) fori = [n— 3]

w(Pi) = |

Wq(vl) + '1Uq (vivl) + l‘Uq(vi) + llUq (viui) + lIlq(ui)
+f; (wingey) + f7(wqsny), for i = [n— 2]

lluq(vz) + l1"q (viUZ) + qu (vi) + lPq(viu'i) + qu (ui)
+¥, (wiug) + ¥, (up), fori = [n — 1]

For i € [0,n — 1], under labeling Y4, we find
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W(Pi) W(Pi) = ‘Ifq(v(i+3)) + ¥, (viv(i+3)) + ¥, (v) + ¥, (viwy) + Y, (wy) + ¥, (uiu(i+1)) +

¥ (un)

= Un+G+)+D+E+5)+Un+i+ D+ +Un—-i-3)+Qn+1)+
4n—-({+1)-3)

= 20n+i+4

Since W(P4i+1) - W(Pi) = 1and w(PY) = 20n + 4, the generalized Peterzen GPz(n,3) admits a
(20n + 4,1)-P,-antimagic decomposition. ®

Figure 2. A (144,1) — P, —Antimagic Decomposition of Generalized Peterzen Graph GPz(7,3) (left),
a (164,1) — P, — Antimagic Decomposition of Generalized Peterzen Graph GPz(8,3) (right).

Theotem 2. For any integer 1 2 7, the graph GPz(n, 3) has a (14n + 4, 2)-Py-antimagic decomposition.

Proof. Define a total labeling W, on the edges and vertices of the graph GPz(n,3) in the following

way

dn+i+1 fori € [0,n — 1]

{4n+i—2 fori € [0, 2]
3n+i—2 fori € [3,n —1]

{3n—2i—2 fori € [0,n — 2]
Sn—2i—2  fori=[n-1]

llue (Uiv(i+3) mod n)

Ve (viu;)

llue (uiu(i+1) mod n)

¥, (u;) = n+2i+1 fori € [0,n —1]
_ —i+3 for i € [0,2]
Fe(vi) - {n—i+3 fori € [3,n—1]

It can be seen that the labeling 1, is a bijective function from E(GPz(n,3)) UV (GPz(n,3)) to
{1,2,3,4,...,3n} and ¥.(V(GPz(n,3))) ={1,2,3,4,..,n+ 1}. Furthermore, the P,-weight
under the labeling 1, ate as follows
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(Pe(Virz)) + Pe(Viv(ies)) + Pe(vp) + Pe(viwy) + Po(uy)
+¥, (uiu(i+1)) + ll’e(u(iﬂ)),fori € [0,n — 4]

llue(vo) + q]e (vivo) + lPe(vi) + l‘Ue(viui) + l‘Ue(ui)
. +l}’e(uiu(i+1)) + llfe(u(iﬂ)),fori = [n — 3]
w(Pf) = 3
l‘ue (vl) + llue (vivl) + lpe(vi) + lIle(viui) + l‘Ue(ui)
+We(uiu(i+1)) + ‘I’e(u(i+1)),fori = [n— 2]

llUe(vz) + llue (Uivz) + lIle(vi) + llue(viui) + llUe(ui)
+¥, (ujuy) + ¥, (uy), fori = [n — 1]

For i € [0,n — 1], under labeling 1., we find

w(Pf) = ¥(Wurs) + Ye(viviss) + E) + E.(w) + ¥ w) + ¥ (witirn) + P (Uarn)
n—(>G+3)+3)+Un+i+ D)+ (-i+3)+Un+i—2)+(n+2i+1)+@Bn—-2i—
2)+m+2(+1)+1)

= 14n+2i+4

Since W(P4i+1) - W(Pi) = 2 and W(Pf ) = 14n + 4,, the generalized Peterzen GPz(n, 3) admits a
(14n + 4, 2)-P,-antimagic decomposition.

Theotrem 3. For any integern = 7, the graph GPz(n,3) has a (19n + 5, 3)-Py-antimagic decomposition.
Proof. Define a total labeling ¥, on the edges and vertices of the graph GPz(n, 3) in the following

wa
! Y (vivissymodan) = i+ .1 fOI‘l: €[0,n—1]
¥ (viuy) = {in++i 1—_11 gi 2 Fz) 711]— 1]
¥ (uls1ymoan) = 2n+i+1  forie[0,n—1]
() = {nlids micpa-g
¥, (v,) — (i3 foie {g o 1]

It can be seen that the labeling 1, is a bijective function from E(GPz(n,3)) UV (GPz(n,3)) to
{1,2,3,4,...,3n} and IIJT(V(GPZ(n, 3))) =1{1,2,3,4,...,n+ 1}. Furthermore, the P,-weight
under the labeling 1, are as follows
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Y (varsy) + P (Vivaes) + B @) + ¥ () + ¥ ()
+‘1’r(uiu(i+1)) + ‘Pr(u(iﬂ)),fori € [0,n — 4]

lPr(UO) + lPr(vivo) + lpr(vi) + lIlr(viui) + lPr(ui)
. +l}’r(uiu(i+1)) + ‘Pr(u(iﬂ)), fori =[n— 3]
w(P) = |
Y (v1) + ¥ (vivy) + ¥(v) + Pr(viwy) + ¥ (wy)
+1Pr(uiu(i+1)) + ‘}’r(u(iﬂ)),fori = [n — 2]

llur(vz) + lPr (vivz) + lPr(vi) + lpr (viui) + lpr(ui)
\ +¥,. (ujuq) + ¥-(up), fori = [n — 1]

For i € [0,n — 1], under labeling 1,., we find

w(Pi) = Y(vass) + B(viviss) + ¥ @) + P + ¥ () + P(uigen) + ¥ (Uisn)
= (n+0+3)-2)+0+D)+Gn+i-2)+Cn+i—-1D)+Bn—-i+3)+(2n+
i+D+Bn-(>G(+1)+3)
= 19 +3i+5

Since W(Pi“) - W(P4i) = 3 and W(Pf) = 19n + 5, the generalized Peterzen GPz(n, 3) admits a
(191 + 5,3)-P,-antimagic decomposition. W

Theotem 4. For any integern = 7, the graph GPz(n, 3) has a (13n + 5, 4)-Py-antimagic decomposition.
Proof. Define a total labeling ¥; on the edges and vertices of the graph GPz(n, 3) in the following

way
‘I’t(viv(Hg) mod n) {gz : i i i ?(;i i : [Ol,n —1]
¥, (i) = {miil3 ricia-
Ye(witkisn) moan) = n+242 fori € [0,n 1]
Pe(uy) = {in++2?l_—11 ggl; z : [01 n—1]
v, (v;) {i ; i} —i ﬁ,’i i g EJL: r31]— 1]

It can be seen that the labeling ¢ is a bijective function from E(GPz(n,3)) U V(GPz(n, 3)) to
{1,2,3,4,...,3n} and l/)t(V(GPZ(n, 3))) =1{1,2,3,4,...,n+ 1}. Furthermore, the P,-weight
under the labeling 1, are as follows
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rllut(17(i+3)) + q’t(viv(i+3)) + ¥ (v) + (i) + ¥e(wy)
+¥, (uiu(i+1)) + ¥, (u(Hl)), fori € [0,n — 4]

Ye(vo) + ¥ (vivo) + Ve (vy) + ¥ (wiwy) + Pe(wy)
, +Wt(uiu(i+1)) + llft(u(iﬂ)),fori = [n — 3]
W(Pi) = X
Yi(vy) + ¥ (vivy) + e (vy) + Ve (viwy) + Pe(wy)
+Wt(uiu(i+1)) + ‘I’t(u(iﬂ)),fori = [n — 2]

Yi(vy) + Wi (vivp) + ¥ (vy) + ¥ (viuy) + Pe(uy)
+¥, (ujuq) + ¥ (ug),fori = [n — 1]

For i € [0,n — 1], under labeling ¢, we find

w(Pi) = Ye(vuesy) + Pe(vivies)) + (@) + Pr(viuy) + Pe(wy) + Pe(uugen) + Pe(ugsen)
-i+3)+)+Un—-i+D)+(-i+4d)+Un+i—-3)+@Bn+2i—- D)+ (n+
20+ 2)+(n+2(+1)—-1)

= 13n+4i+5

Since W(Pi"'l) - W(Pi) = 4 and W(Pf) = 13n + 4, the generalized Peterzen GPz(n, 3) admits a
(13n + 4, 4)-P,-antimagic decomposition.

Theotrem 5. For any integern = 7, the graph GPz(n, 3) has a (18n + 6, 5)-Py-antimagic decomposition.
Proof. Define a total labeling ¥}, on the edges and vertices of the graph GPz(n, 3) in the following way

’Py(viv(i+3) modn) = 2i +1 fori € [0,n — 1]
Y, (viu;) = 20+ 2 fori € [0,n — 1]
Py (uit(i+1) mod n) {;Z i i _ g ?gii E B; 731]— 1]
) = it feiemn-n
v, () = nliih e

It can be seen that the labeling 1y, is a bijective function from E(GPz(n,3)) UV (GPz(n,3)) to
{1,2,3,4,..,3n} and ¥,(V(GPz(n,3))) ={1,2,3,4,...,n+ 1}. Furthermore, the P,-weight
under the labeling 1y, are as follows
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(¥ (virs)) + By (vivges)) + ¥ () + ¥, (vaw) + ¥, (w;)
+¥, (wiugien)) + ¥y (ugisny), fori € [0,n — 4]

'py(vo) + lluy(vivo) + llUy(vi) + l’”y(viui) + llUy(ui)
+¥, (wugeny) + ¥y (ugsny), for i = [n — 3]
wp) =
l’”y(vl) + lluy(vivl) + le(vi) + wy(viui) + lluy(ui)
+¥, (uiu(i+1)) +¥, (u(i+1)), fori =[n—2]

llUy(vz) + llUy(vin) + lpy(vi) + lluy(viui) + lluy(ui)
\ +¥, (uguq) + ¥, (up), fori = [n — 1]

For i € [0,n — 1], under labeling Yy, we find

W(Pi) = Wy(v(i+3)) + I'Uy(viv(i+3)) + ll’y(vi) + ’l’y(viui) + ll’y(ui) + ’I’y(uiu(i+1)) +
fy(wien)
= Un-(>0(+3)+H)+QRi+D)+Un—-i+4)+QRi+2)+Un+i)+Bn+i—3)+
(Bn+ (i +1)
= 18n+5i+6

Since W(Pi“) — W(Pi) = 5and w(P{) = 18n + 6, the generalized Peterzen GPz(n, 3) admits a
(18n + 6,5)-P,-antimagic decomposition. ®

3. CONCLUSION

In this article, we proved the existence of (a, b)-P,-antimagic decompositions of the generalized
Peterzen graph GPz(n, 3) for (i) every integer n = 7 and odd positive integers b € {1,3,5}; and (ii)
every integer n = 7 and even positive integers b € {2,4}.

The open problems related to these results are as follows:

For every integer 6 = n and positive integers b, find (a, b)-P4-antimagic decompositions of the
generalized Peterzen graph GPz(n, 3) .
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