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Abstract

The Coprime graph is a graph from a finite group that is defined based on the order of each element
of the group. In this research, we determine the coprime graph of generalized quaternion group Qg4 and
its properties. The method used is to study literature and analyze by finding patterns based on some
examples. The first result of this research is the form of the coprime graph of a generalized guaternion
group Q4 when n=2% n an odd prime number, nan odd composite number, and nan even
composite number. The next result is that the total of a cycle contained in the coprime graph of a
generaliged quaternion group Q4 and cycle multiplicity when n is an odd prime number is n — 1.
Keywords: coprime graph; generalized quaternion group; order, path.

Abstrak

Graf koprima merupakan graf dari dari suatu grup hingga yang didefiniskan  berdasarkan orde dari masing-masing
elemen grup tersebut. Pada penelitian ini akan dibabas tentang bentuk graf koprima dari grup generalized
quaternion Q4,,. Metode yang digunakan dalam penelitian ini adalabh studi literatur dan melaknkan analisis
berdasarkan pola yang ditemnkan dalam beberapa contoh. Adapun basil pertama dari penelitian adalab bentuk graf
koprima dari grup generalized quaternion Qg nntuk kasus = 2K, 0 bilangan prima ganjil ganjil, n bilangan
komposit ganjil dan n bilangan komposit genap. Hasil selanjutnya adalab total sikel pada graf koprima dari grup
generalized quaternion dan multiplisitas sikel ketika n bilangan prima ganjil adalah n — 1.

Kata kunci: graf koprima; grup generalized quternion; orde; lintasan.

1. INTRODUCTION

A graph G consists of a non-empty finite set V(G) of elements called vertices and a finite family
of E(G) of unordered pairs of (not necessarily distinct) elements of V(&) called edges [1]. Some graph
representations of a group are identity graph, inverse graph, commuting, non-commuting graph,
coprime graph, non-coprime graph, and others. The coprime graph is a graph that represents a finite
group where vertices are all elements of that group, and two distinct vertices are adjacent if and only
if its order pairwise relative prime.

In recent years, there are some researches about the representation graph of a group. In 2010,
Vahidi and Talebi [2] researched the properties of the commuting graph of the dihedral group and
quaternion group and got some parameters of graph theory. In 2017, Abdussakir [3] researched the
commuting graph of a dihedral group that is matrix dimension, cycle multiplicity, radius, and diameter.
In the next year, Syarifuddin et al. [4]. Researched some characterizations of a dihedral group's coprime
graph got the form of graph, radius, diameter, and girth.
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From that, this research will present the coprime graph of a generalized quaternion group Q4
and its properties, such as the form of a graph, total of cycles, and cycle multiplicity.

2. METHOD

This research aims to study literature studying generalized quaternion group, the order of
elements a group, coprime graph, and its properties from some references. After that, the authors
construct and analyze the coprime graph of the generalized quaternion group Qg by dividing, the case
of n, construct the conjecture based on the pattern in examples and prove it. If the conjecture is
untrue, then the author will construct another conjecture and prove it, but if the conjecture is true,
then it is stated as a theorem.

3. RESULTS AND DISCUSSION
The authors will discuss the form of the coprime graph of the generalized quaternion group Qgn,
a total of cycles contained in a graph and its cycle multiplicity.

3.1. Coprime Graph of Qy4,

Generalized quaternion group Qg is define as follows.

Definition 1. ([5]) The generalized quaternion group Q4 (n = 2) is a group with a presentation of the
form

<a,bla*™ =ea®=b%btab=a"t >.

It is easy to see that Qg is of order 4n, a has order 2n, b has order four, and the relation a®b = ba7*
holds for all k € Z [0].

The generalized quaternion group will be represented as the coprime graph, which is defined as
follows.

Definition 2. ( [0]) Let G be finite group, the coprime graph of G denoted by I is a graph with
vertices are elements of G and two distinct vertices x and y are adjacent if and only if (|x|, |y]) = 1.

In this research, will be determined the form of the coprime graph of the generalized quaternion
group Q4. The results of this research show that there are four forms of the coprime graph of the
generalized quaternion group Q4, based on n. Theorem 1 explains the form of a coprime graph of
the generalized quaternion group Qg for n = 2¥ where k is a natural number.

Theorem 1. Let Q4 be a generalized quaternion group. If n = 2¥ then the coprime graph of Qg is
complete bipartite.

Proof. Let Q4 = {e,a,a?,...,a®" 1, b, ab,a®b, ....,a*" *b}. Let Q4 pattitioned into two sets P; =
{e}and P, = Q4, \ {€}. For all x,y € P,, the order of x, and y are 2t and 2/ for i,j € {1, ..,k + 1}.
Then 2 divides (|x].|y]), hence x and y are not adjacent and Iy, is a bipartite graph. Since |e| =1
and |z| = 2™ form € {1, ...,k + 1} for any y € P,, we have (e[, |y]) = 1. Hence e is adjacent with all
vertices in P,. Thus the coprime graph of Q4 with n = 2¥ is complete bipartite. [ |
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The form of the coprime graph of the generalized quaternion group Q4, when n is an odd prime
number will be presented in the following theorem.

Theorem 2. Let Qg4 generalized quaternion group. If n = p, pis an odd prime number, then the
coprime graph of Qg is tripartite.

Proof. Let Qu, = {e,a,a?,...,a??"1, b, ab,a®b, ....,a*?~1b}, so the order of each element is |e| = 1,
|aP| = 2, |aib| =4 foreach i €{0,1,2,...,2p — 1}, |a2j| =p foreachj € {1,2,..,p — 1}, and |ak| =
2p foreachk € {1,3,...,p— 2, p+ 2, ...,2p — 1}. So the order of each x € Q4 is 1, 2, p, 4, or 2p. Since
p # 2, we can define three partitions of Q4, such that the order of each element in the same partition
is not pointwise relative prime. Those pattiions are P; ={x € Quu lIx| =1}={e}, P, =
{x € Qun llx| =21, 1 €N} and P; = {x € Quy |Ix| = p}. It is easy to see that every pair x,y € P; are
not adjacent since (|x|, [y|) # 1, thus the coptime graph of Q, when n is an odd prime number is
tripartite. ]

Note that the coprime graph of Qg, in Theorem 2 cannot be complete tripartite since the order
of a is always 2n. The next theorem explains the coprime graph’s form of the generalized quaternion
group Qg4 for every composite number n.

Theorem 3. Let Q4, be a generalized quaternion group. If n = pf 1p§ 2 ...p,lilm ,P1 = 2,p; are distinct

prime number then the coprime graph of Q4 is m + 1 partite.

Proof. First, we can assume that p; < p; whenever i < j, then we define m + 1 subset of Q4. The
first subset is the set of the element with order n; = 1 or, precisely, P; = {e}. Forj =2,...,m+1, we
define the partition P;, is the set of the element with order nj where p;j_1|n; butps t p; for each s <.
By this definition, the m + 1 subsets form a partition in Q4. For j > 0, the order of elements from P;
is not pairwise relative prime, or its order can be divided by p;. Hence the coprime graph of Q4 is
m + 1 partite. [

And for n is an odd composite number, then we have a different form of the coprime graph of
the generalized quaternion group Q4y.

Theorem 4. Let Q4,, generalized quaternion group. If n = pf 1p§ .. p,’;m , Di # 2,p; are distinct prime
number then the coprime graph if Qg is m + 2 partite.

Proof. First, we can assume that p; < p; whenever i < j, then we define m + 2 subset of Q4. The
first subset is the set of the element with order ny = 1 or, to be exact, Py = {e}. The second partition
is Py, the set of the element with order ny, where 2|n;. The third partition is P, the set of the element
with order n,, where py|n,. For j = 3,...,m + 2, we define the partition P}, is the set of the element
with order n; where p;_;|n; but ps  p; for each s <j. By this definition, the m + 2 subset forms a
partition in Q4y. For j > 1, the order of elements from P; are not pairwise relative prime, or its order
can be divided by p;. And the order of any elements of P; is always divided by two. Hence the coprime
graph of Q4 is m + 2 partite. [ |

3.2. Total of Cycle and Cycle Multiplicity

The definition of a cycle of a graph is given in the following definition.

Definition 3. ( [7]) Cycle is not a trivial closed path with each vertex is distinct.
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In this research, the author got a total of cycles contained in Iy, when 7 is an odd prime number,
as explained in Theorem 5 as follows.

Theorem 5. Let I, be the coprime graph of the generalized quaternion group Q4. If nis an odd
prime number, then I, has 2n? —n — 1 cycles.

Proof. Based on theorem 2, Iy, s tripartite with partition are Py, P, and Ps. The form of the cycle
in this graph is e —u — v — e with u € P, and v € P3. From proof of theorem 2, the total elements in
P, is 2n + 1, and the total of elements in P3 is n — 1. So, there are possibilities 2n + 1 vertices u and
n — 1 vertices V. Based on multiplication rules, the total of cycles with form e —u — v — e that is
contained in Iy, is (2n 4+ 1)(n—1) = 2n* —n — 1. Thus I, has 2n® —n — 1 cycles. |

Based on Theorem 5 we now can find cycle multiplicity of Ig, ~for n is an odd prime. The
definition of cycle multiplicity is defined as follows.

Definition 4. ([8]) Let G is a graph, V(G) and E(G) is set of vertices and set of edges. CM(G) is
notation of cycle multiplicity defined by the maximum number of line disjoint cycles contained in G.

The last theorem explains the cycle multiplicity.

Theorem 6. Let I, be the coprime graph of the generalized quaternion group Quy. If 1 is an odd
prime number, then CM (I, ) =n—1.

Proof. Let Vi = {u € Qunllul = 4} and V, = {v € Quu|lv| = p}, so e —u — v — e is a cycle for each
u €V; and v € V,. And then, let e —uy — vy —e and e —u, — v, — e is two distinct cycles in [, .
Both cycles will adjoin edges if and only if u; # v; # u, # v,. Thus, the maximum number of line
disjoint cycle is in Iy, or CM (I, ) = min{|[V;[,|V,[} = min{2n +1,n -1} =n—1.

4. CONCLUSIONS

The obtained results show that the coprime graph of the generalized quaternion group Q4 when
n = 2% nis an odd prime number, n = pfipi? .. pim with p; = 2, n = plipl? . pkm with p; £ 2 is
complete bipartite, tripartite, m + 1 partite and m + 2 partite, total of cycles contained in I, when n
is an odd prime number is 2n* —n — 1 with CM (I, ) =n — 1.
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