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Abstract  
This paper aims to construct a new formula that generates a generalized version of congruent numbers 

based on a generalized version of Pythagorean triples. Here, an elliptic curve equation is constructed 

from the derived generalized version of Pythagorean triples and congruent numbers and gives some 

new results. 
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Abstrak 
Artikel ini bertujuan untuk mengkonstruksi formula baru yang membangun versi yang lebih umum dari bilangan-

bilangan kongruen berdasarkan versi triple Pythagoras yang diperumum. Di sini, akan dikonstruksi suatu persamaan 

kurva eliptik dari triple Pythagoras dan bilangan-bilangan kongruen dalam versi yang diperumum untuk menghasilkan 

hasil-hasil yang baru. 

Kata kunci: triple Phytagoras; bilangan kongruen; persamaan kurva eliptik. 

2010 Mathematics subject classification: 11A07, 11A41, 11D45, 11G07. 

 

 

1. INTRODUCTION 

A One of the interesting branches of discrete mathematics is number theory, which deals with 

integers' properties. Most of the number theory topics are easy to understand but hard to provide 

rigorous mathematical proof. Interesting topics in number theory can be found in [1][2][3][4][5]. One 

of the classical problems in number theory is found in the mathematical properties of Pythagorean triples 

and congruent numbers, which receives much attention to research [6][7][8][9][10]. A Pythagorean triple 

(𝑋, 𝑌, 𝑍) is a triple of positive integers that satisfies the Diophantine equation 𝑎2 + 𝑏2 = 𝑐2. A 

Pythagorean triple is said to be primitive if gcd(𝑋, 𝑌, 𝑍) = 1, and each pair of integers 𝑋, 𝑌, and 𝑍 are 

relatively prime, otherwise known as non-primitive. For further concepts of a Pythagorean triple, readers 

may refer to [6][7][8][10]. A positive integer 𝑁 is a congruent number if there exists a right triangle with 

rational sides so that the area of the triangle is the number 𝑁, that is, 𝑁 =
1

2
𝑋𝑌, where 𝑋 and 𝑌 are 

sides of the right triangle. The congruent numbers problem has been an interest of many number 

theorists and associated with the rational fields' elliptic curve concept. The rigorous concepts of 

congruent numbers and elliptic curves had been studied in [11][12][13][14][15]. This paper aims to 

construct new results on a generalized version of congruent numbers related to a generalized version 

of Pythagorean triples based on the paper of Casinillo and Casinillo [8]. A generalized version of 

Pythagorean triples is a formula that generates primitive and non-primitive Pythagorean triples that 

depends on two positive integers. However, the formula does not generate some triples that are scalar 
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multiple of the other triples. Elliptic curve equations are also developed based on a generalized version 

of congruent numbers and evaluated its solutions. Furthermore, a theorem that determines the 

congruent numbers with positive integer and rational sides was constructed. This paper will explain 

the new mathematical concepts of generalized congruent numbers and contribute to the body of 

literature, specifically in the field of elementary number theory.  

2. RESULTS 

First, we present the theorem of Casinillo and Casinillo [8] that deals with the new generalized 
formula that generates primitive and non-primitive Pythagorean triples. The formula is a function of 
all pairs of positive integers. 

Theorem 1. [8] For any positive integers 𝑘 and 𝑛, (2𝑛2 + 2𝑘𝑛, 2𝑘𝑛 + 𝑘2, 2𝑛2 + 2𝑘𝑛 + 𝑘2) is a 

Pythagorean triple. Conversely, for any Pythagorean triple (𝑋, 𝑌, 𝑍), there are positive integers 𝑘 and 

𝑛 such that 𝑋 = 2𝑛2 + 2𝑘𝑛, 𝑌 = 2𝑘𝑛 + 𝑘2 and 𝑍 = 2𝑛2 + 2𝑘𝑛 + 𝑘2. 

The next theorem is quick from Theorem 1. The theorem shows the formula of generating 

generalized congruent number 𝑁 in regards to the generalized version of Pythagorean triples. 

Theorem 2. Let (𝑋(𝑘, 𝑛), 𝑌(𝑘, 𝑛), 𝑍(𝑘, 𝑛)) be a generalized Pythagorean triple where 𝑘 and 𝑛 are 

positive integers.  If 𝑁 is a generalized congruent number, then 𝑁 = 2𝑘𝑛3 + 3𝑘2𝑛2 + 𝑘3𝑛. 

Proof. Since (𝑋(𝑘, 𝑛), 𝑌(𝑘, 𝑛), 𝑍(𝑘, 𝑛)) is a generalized Pythagorean triple, then the area of a right 

triangle is 
1

2
𝑋(𝑘, 𝑛)𝑌(𝑘, 𝑛). By Theorem 1, it follows that 𝑁 =

1

2
𝑋(𝑘, 𝑛)𝑌(𝑘, 𝑛) =

1

2
(2𝑛2 + 2𝑘𝑛)(2𝑘𝑛 +

𝑘2). Simplifying the right-hand side of the equation, we end up with 𝑁 = 2𝑘𝑛3 + 3𝑘2𝑛2 + 𝑘3𝑛 where 
𝑘 and 𝑛 are positive integers. And this completes the proof.  
 
The following result shows that the generalized congruent number 𝑁 is always an even number for 
all pairs of positive integers 𝑘 and 𝑛. 
 
Corollary 3. If 𝑁(𝑘, 𝑛) is a generalized congruent number, then 𝑁(𝑘, 𝑛) ≡ 0(𝑚𝑜𝑑 2) for all positive 
integers 𝑘 and 𝑛. 
 

Proof. From Theorem 1, we obtain 𝑁 =
1

2
𝑋(𝑘, 𝑛)𝑌(𝑘, 𝑛). Now, consider the factor 

1

2
𝑋(𝑘, 𝑛). This 

follows that 
1

2
𝑋(𝑘, 𝑛) =

1

2
(2𝑛2 + 2𝑘𝑛) = 𝑛2 + 𝑘𝑛. If 𝑛 is an even number, then it is easy to check that 

𝑛2 + 𝑘𝑛 ≡ 0(𝑚𝑜𝑑 2) for all positive integer 𝑘. Clearly, 𝑁(𝑘, 𝑛) ≡ 0(𝑚𝑜𝑑 2). If 𝑛 is odd and 𝑘 is even, 

then 𝑛2 + 𝑘𝑛 ≡ 1(𝑚𝑜𝑑 2). However, 𝑌(𝑘, 𝑛) = 2𝑘𝑛 + 𝑘2 ≡ 0(𝑚𝑜𝑑 2). Hence, it implies that 
𝑁(𝑘, 𝑛) ≡ 0(𝑚𝑜𝑑 2). This completes that proof.                                             
 

The next theorems shows that a right triangle with an area of congruent number 𝑁 and sides of 
generalized Pythagorean triple gives rise to a rational point on an elliptic curve. An area 𝑁 is related to 
the generalized Pythagorean triple (𝑋, 𝑌, 𝑍). 
 
Theorem 4.  Let (𝑋(𝑘, 𝑛), 𝑌(𝑘, 𝑛), 𝑍(𝑘, 𝑛)) be a generalized Pythagorean triple where 𝑘 and 𝑛 are 
positive integers. If 𝑁 is a generalized congruent number, then the following holds: 
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i. 𝑦2 = 𝑥3 − 𝑁2𝑥 produces a positive integer solution when 𝑘 ≡ 0(𝑚𝑜𝑑 2); and 
ii. 𝑦2 = 𝑥3 − 𝑁2𝑥 produces rational solutions when 𝑘 ≡ 1(𝑚𝑜𝑑 2) with a denominator greater or 

equal to 2. 

Proof. From the definition of Pythagorean triple and congruent number, we have 

                                                              𝑋2 + 𝑌2 = 𝑍2,                                                               (1) 
and  

   𝑁 =
1

2
𝑋𝑌.                                                                    (2) 

Multiplying both sides by 4 in equation (2), we obtain 
 4𝑁 = 2𝑋𝑌.                                                         (3) 
Adding equations (1) and (3), clearly follows that  

     𝑋2 + 2𝑋𝑌 + 𝑌2 = 𝑍2 + 4𝑁,                                               (4) 
and 

     (𝑋 + 𝑌)2 = 𝑍2 + 4𝑁.                                               (5)  
On the other hand, subtracting equation (3) to equation (1), we have 

      𝑋2 − 2𝑋𝑌 + 𝑌2 = 𝑍2 − 4𝑁,                                               (6) 
And 

  (𝑋 − 𝑌)2 = 𝑍2 − 4𝑁.                                               (7) 
Then, we multiply equations (5) and (7), so we obtain 

       (𝑋 + 𝑌)2 (𝑋 − 𝑌)2 = (𝑍2 + 4𝑁)(𝑍2 − 4𝑁),                          (8) 
By simplifying equation (8), we get 

  (𝑋2 − 𝑌2)2 = 𝑍4 − 16𝑁2.                                           (9) 
Now, we divide equation (9) by 16, and it follows that  

  (
𝑋2−𝑌2

4
)

2

= (
𝑍

2
)

4

− 𝑁2.                                           (10) 

Let 𝑣 =
𝑋2−𝑌2

4
 and 𝑢 =

𝑍

2
. Then, we get 

 𝑣2 = 𝑢4 − 𝑁2,                                              (11) 

and multiplying 𝑢2 in equation (11), then we obtain 

  (𝑢𝑣)2 = 𝑢6 − 𝑁2𝑢2.                                          (12) 

Finally, if we let 𝑥 = 𝑢2 = (
𝑍

2
)

2

 and 𝑦 = 𝑢𝑣 = (
𝑍

2
) (

𝑋2−𝑌2

4
), then we end up with  

 𝑦2 = 𝑥3 − 𝑁2𝑥.                                            (13) 

By Theorem 1, if 𝑘 ≡ 0(𝑚𝑜𝑑 2), then it follows that 4 divides (𝑋2 − 𝑌2) and 2 divides 𝑍, showing that 
𝑣 and 𝑢 are positive integers. Then, equation (13) produces positive integer solutions. Hence, (i) holds. 

Again, by Theorem 1, if 𝑘 ≡ 1(𝑚𝑜𝑑 2), then 4 does not divide (𝑋2 − 𝑌2) and 2 does not divide 𝑍. 
This implies that 𝑣 and 𝑢  are rational numbers with denominators greater than or equal to 2. 
Furthermore, equation (13) produces rational solutions with a denominator at least 2 as well. Thus, 
(ii) holds. And this completes the proof.                                                                                                        
 
Theorem 5. Let 𝑁, 𝑥, 𝑦 ∈ ℤ+. Then, there exists a right triangle with positive integer sides and area 𝑁 

which corresponds to 𝑥 such that 𝑦2 = 𝑥3 − 𝑁2𝑥. 

Proof. Let 𝑥 = 𝑢2 with 𝑢 ∈ ℤ+. We set 𝑣 = 𝑦/𝑢 so that 𝑣2 =
(𝑥3−𝑁2𝑥)

𝑥
= 𝑥2 − 𝑁2. Hence, it follows 

that 𝑥2 = 𝑁2 + 𝑣2 . Then, it is easy to check that (𝑡2𝑁, 𝑡2𝑣, 𝑡2𝑥) is a Pythagorean triple of integers. By 
Theorem 1, we get 𝑡2𝑁 = 2𝑛2 + 2𝑘𝑛, 𝑡2𝑣 = 2𝑘𝑛 + 𝑘2 and 𝑡2𝑥 = 2𝑛2 + 2𝑘𝑛 + 𝑘2. Now, we consider 
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the triple 𝑋 =
2𝑛

𝑡
, 𝑌 =

2𝑛+2𝑘

𝑡
 and 𝑍 = 2𝑢. This follows that 𝑋2 + 𝑌2 =

4𝑛2

𝑡2 +
4𝑛2+8𝑛𝑘+4𝑘2

𝑡2 =
4

𝑡2
(2𝑛2 + 2𝑛𝑘 + 4𝑘2) =

4

𝑡2 (𝑡2𝑥) = 4𝑥 = 4𝑢2 = (2𝑢)2 = 𝑍2. This implies that the right triangle has 

the sides 𝑋, 𝑌 and 𝑍. And the area of this right triangle is given by  
1

2
𝑋𝑌 =

1

2
(

2𝑛

𝑡
) (

2𝑛+2𝑘

𝑡
) =

1

2
(

4𝑛2+4𝑘𝑛

𝑡2
) =

2𝑛2+2𝑘𝑛

𝑡2 = 𝑁, and this completes the proof.    

Next, Theorem 6 below shows how to form a right triangle with rational sides regarding generalized 

congruent number 𝑁. 

Theorem 6. Let 𝑁 be a generalized congruent number. If 𝑁 = 𝑎2𝐴 where a is a positive integer 

greater than or equal to 2, then 𝐴 is a congruent number with rational sides, that is, (
𝑋

𝑎
,

𝑌

𝑎
,

𝑍

𝑎
). 

Proof. By Theorem 2, we have the congruent number as 𝑁 = 2𝑘𝑛3 + 3𝑘2𝑛2 + 𝑘3𝑛, where 𝑘 and 𝑛 
are positive integers. Without loss of generality, we let 𝑘 = 𝑎2, where 𝑎 ∈ ℤ+\{1}. Then, it follows that 

𝑁 = 2(𝑎2)𝑛3 + 3(𝑎2)2𝑛2 + (𝑎2)3𝑛 = 𝑎2(2𝑛3 + 3𝑎2𝑛2 + 𝑎4𝑛) = 𝑎2𝐴  where 𝐴 = 2𝑛3 + 3𝑎2𝑛2 +

𝑎4𝑛 ∈ ℤ+. By definition of the area of right triangle, we obtain 𝑁 =
1

2
𝑋𝑌 = 𝑎2𝐴. So, we have 𝐴 =

1

2
(

𝑋𝑌

𝑎2 ) =
1

2
(

𝑋

𝑎
) (

𝑌

𝑎
). Hence, 𝐴 is a congruent number with rational sides. And this completes the proof.                    

  

Corollary 7 is a quick consequence of Theorem 6 and Wilson's Theorem in [4][5], showing a prime 
congruent number. 
 

Corollary 7. Let 𝑁 = 𝑎2𝐴 and 𝜌(𝐴) = 𝑐𝑜𝑠2 [𝜋
(𝐴−1)!+1

𝐴
]. If 𝜌(𝐴) = 1, then 𝐴 is a prime congruent 

number. 
 

It is worth noting that in elementary number theory, a positive integer 𝑛 is a square-free if ∀ prime 𝑝, 

𝑝2 does not divide 𝑛 [5]. In other words, no prime factor divides it more than once, i.e., the largest 

power of a prime factor that divides positive integer 𝑛 is 1. Hence, the following result is immediate 
from classifying congruent numbers that are square-free and in view of Theorem 6. 
 
Corollary 8. If 𝑁 is a square-free positive integer, then there is a one-to-one correspondence between 
generalized Pythagorean triple (𝑋, 𝑌, 𝑍) and generalized congruent number 𝑁. 
 
The following results below gives another form of a Pythagorean triple (𝑋, 𝑌, 𝑍) and congruent 
number N that is immediate from Theorem 1 and Theorem 2 above. 
 

Theorem 9. Let (𝑋, 𝑌, 𝑍) be a generalized Pythagorean triple. Then, there exists 𝑥, 𝑦 ∈ ℤ+ such that 

𝑋 = 2𝑥𝑦, 𝑌 = 𝑥2 − 𝑦2 and 𝑍 = 𝑥2 + 𝑦2 where 𝑥 > 𝑦. 

Proof. Since (𝑋, 𝑌, 𝑍) is a generalized Pythagorean triple, then by Theorem 1, we have 𝑋 = 2𝑛2 + 2𝑘𝑛. 
By factoring the expression, we get 𝑋 = 2𝑛(𝑛 + 𝑘). Now, we let 𝑥 = 𝑛 + 𝑘 and 𝑦 = 𝑛. This 
immediately follows that 𝑥 > 𝑦 for all pairs of positive integer 𝑘 and 𝑛. This implies that 𝑥 + 𝑦 = 2𝑛 +

𝑘 and 𝑥 − 𝑦 = 𝑘. Clearly, by Theorem 1, we have 𝑌 = (𝑥 + 𝑦)(𝑥 − 𝑦) = 𝑥2 − 𝑦2 = 2𝑘𝑛 + 𝑘2 and 𝑍 =

𝑥2 + 𝑦2 = (𝑛 + 𝑘)2 + 𝑛2 = 2𝑛2 + 2𝑛𝑘 + 𝑘2 , and this completes the proof.                  
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Corollary 10. For any 𝑥, 𝑦 ∈ ℤ+, 𝑁 = 𝑥3𝑦 − 𝑥𝑦3 is a congruent number ∀ 𝑥 > 𝑦. 

Proof. Immediate from Theorem 9.                                                                                                               

The next remark is a direct consequence of Theorem 9 and Corollary 10. 

Remark 11. For any 𝑥 ∈ ℤ+, 𝑁 = 𝑥3 − 𝑥 is a congruent number that corresponds to the Pythagorean 

triple (2𝑥, 𝑥2 − 1, 𝑥2 + 1). 
In view of Theorem 9, the following result generates a primitive Pythagorean triple and a right triangle 
that has a pair-wise relatively prime side. 

Theorem 12. Let 𝑃 = (2𝑥𝑦, 𝑥2 − 𝑦2, 𝑥2 + 𝑦2) be a Pythagorean triple. If 𝑥 = 𝑦 + 1, then 𝑃 is a 
primitive Pythagorean triple. 

Proof. Note that in Theorem 1, we have 𝑋 = 2𝑛2 + 2𝑘𝑛 = 2𝑛(𝑛 + 𝑘). Let 𝑥 = 𝑛 + 𝑘 and 𝑦 = 𝑛. 
Obviously, if 𝑥 = 𝑦 + 1, then it follows that 𝑘 = 1. By substituting 𝑘 = 1 to generalized Pythagorean 
triple in Theorem 1, we obtain 𝑋 = 2𝑛2 + 2𝑛, 𝑌 = 2𝑛 + 1 and 𝑍 = 2𝑛2 + 2𝑛 + 1. This immediately 
follows that gcd(𝑋, 𝑌, 𝑍) = 1 and the hypothesis holds. This completes the proof.   

Corollary 13. Let 𝑥, 𝑦 ∈ ℤ+. If 𝑥 = 𝑦 + 1, then a congruent number 𝑁 = 𝑥3𝑦 − 𝑥𝑦3 produces a right 
triangle with a pair-wise relatively prime side. 

Proof. Immediate from Theorem 12.    

3. CONCLUSIONS 

In this paper, a new formula for generating congruent numbers was developed in view of the 
generalized version of Pythagorean triples. It is proven that it is always an even number. The paper 
had developed new theorems that had shown that there exists a right triangle with positive integer 

sides and area 𝑁 given an elliptic curve equation 𝑦2 = 𝑥3 − 𝑁2𝑥. A theorem also had been developed, 

which shows that 𝑥 and 𝑦 are positive integers in the elliptic curve 𝑦2 = 𝑥3 − 𝑁2𝑥 in view of a 
generalized version of Pythagorean triples given some conditions. This paper also presented some 
results that generate a right triangle with rational sides and congruent prime numbers. Finally, some 
new forms of Pythagorean triples and congruent numbers were constructed regarding the generalized 
version of Pythagorean triples. 
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