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Abstract. The Friedmann-Lemaitre-Robertson-Walker (FLRW) universe metric is an abstraction of
the distance between two points in a time-evolving universe. The evolution of the FLRW universe
can be either expansion or contraction. In this article, the FLRW universe metric in 4+1 spacetime
is formulated. When this metric is relatively one dimension higher than the original metric. The
addition of these dimensions is based on the assumption that the laws of physics have the same
shape in the higher dimensions. A mathematical modeling idea is based on a spatial 4-
dimensional isotropic sphere system immersed in this 5-dimensional spatial system. Then,
Minkowski's flat spacetime concept was used to couple the spatial dimensions with the temporal
dimension. Thus, we find the FLRW universe metric in 4+1 spacetime. The result of formalism
shows that there is a radius quantity in the extra metric dimension, and this radius quantity forms
the angle with the other two spatial dimensions. Then, we also show that the dimension of the
cosmic scale factor will always be relatively higher than the spatial dimension of the metric. This
has implications for the expansion or contraction of the FLRW universe model which remains valid
in high dimensions.

Keywords: The FLRW Universe Metric, 4+1 Dimensional Spacetime, Expansion of The Universe,
Contraction of The Universe, Higher Dimensional.

Abstrak. Metrik alam semesta Friedmann-Lemaitre-Robertson-Walker (FLRW) merupakan
abstraksi jarak antara dua titik di alam semesta yang berevolusi terhadap waktu. Evolusi alam
semesta FLRW dapat berupa ekspansi ataupun kontraksi. Pada artikel ini, diformulasikan metrik
alam semesta FLRW dalam ruangwaktu 4+1 dimensi. Yang mana, metrik ini relatif lebih tinggi satu
dimensi dari metrik aslinya. Penambahan dimensi tersebut berdasarkan pada asumsi bahwa
hukum fisika memiliki bentuk yang sama dalam dimensi tinggi. Sebagai ide pemodelan
matematis, yakni berdasarkan sistem bola isotropik 4 dimensi spasial yang terbenam pada sistem
5 dimensi spasial. Kemudian, digunakan konsep ruangwaktu datar Minkowski untuk mengkopel
dimensi spasial dengan dimensi temporal. Sehingga, didapati metrik alam semesta FLRW dalam
ruangwaktu 4+1 dimensi. Hasil formalisme menunjukan bahwa adanya kuantitas radius dalam
dimensi ekstra metrik, dan kuantitas radius ini membentuk sudut dengan dua dimensi spasial
lainnya. Selain itu, kami juga menunjukan bahwa dimensi faktor skala kosmis akan selalu relatif
lebih tinggi dari dimensi spasial metrik. Hal ini berimplikasi pada ekspansi ataupun kontraksi dari
model alam semestra FLRW yang tetap berlaku dalam dimensi tinggi.

Kata Kunci: Metrik Alam Semesta FLRW, Ruangwaktu 4+1 Dimensi, Ekspansi Alam Semesta,
Kontraksi Alam Semesta, Dimensi Tinggi.
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INTRODUCTION

The FLRW universe metric is a model of the distance between two points in the
universe that are evolving with time. The evolution of the FLRW universe can be either
expansion or contraction [1]. This metric concept was first formulated by Friedmann,
Lemaitre, Robertson, and Walker. Therefore, this metric is referred to as the FLRW
universe metric. However, this metric idea was first coined in 1930 by Robertson and
Walker. The FLRW universe metric has the main assumptions on which it is based, namely
the principles of homogeneity and isotropic space [2][3]. In other words, there is an even
distribution of matter throughout the universe, and the distance from the center of the
universe to the distribution of matter in all directions will always be the same on a large
scale. Based on the results of astronomical physical observations, the FLRW universe
metric is a metric model that is most suitable to the real conditions of the universe [4].
The FLRW universe metric is formulated in 3+1 dimensional spacetime [5]. Where the
evolution of the universe can be observed.

Related to the topic discussed in this article, technically formulate the metric of the
FLRW universe in high dimensions. From the metric of the FLRW universe which is
formulated in the spacetime dimension of 3+1, to the metric in the dimension of
spacetime of 4+1. The addition of this dimension is based on the assumption that the
laws of physics apply equally to the higher dimensions [6]. Which the essential goal is to
ensure the evolution of the FLRW universe that takes place in high dimensions. The idea
of the metric formulation of the FLRW universe in 4+1 dimensional spacetime in this
article is to use the modeling of a spatial 4-dimensional isotropic sphere system that is
immersed in a 5-dimensional spatial system. Then, Minkowski's flat spacetime concept
was used to couple the spatial dimensions with the temporal dimensions.

This high-dimensional concept was inspired by what Kaluza did in 1921. Where
Kaluza hypothesized that the universe is not only 3+1 dimensions of spacetime. Based
on this hypothesis, Kaluza conducted a unification experiment between a gravitational
entity and an electromagnetic entity in a 4+1 dimensional spacetime [7]. In 1926, Klein
collaborated with Kaluza and contributed to the idea that the existence of higher
dimensions exists on a microscopic scale. The dimensions of the extra space are
hypothesized to be circular in a circle with a radius of a very small value [6]. This Kaluza-
Klein idea became the hypothesis for the existence of a high-dimensional universe N+1
that world physicists now agree on. The purpose of this study is to prove that the
expansion or contraction of the FLRW model of the universe is valid in high dimensions.

FORMALISM
Spatial 4 Dimension System Immersed in 5 Spatial Dimension System
Fundamental mathematical modeling of the metric of the FLRW universe, which
is a 4-dimensional isotropic sphere system immersed in a 5-dimensional spatial system.

To achieve this, depart from a vector function in Euclid's 5 spatial plane dimensions [8]:

X =X + X, + X+ X, + X (M

132


http://issn.pdii.lipi.go.id/issn.cgi?daftar&1523512026&1&&

Al-Fiziya: Journal of Materials Science, Geophysics, Vol. 4 No. 2 Tahun 2021, 131 - 139
Instrumentation and Theoretical Physics P-ISSN: 2621-0215, E-ISSN: 2621-489X

Then to get the metric vector function from Eq. (1), namely by using the
differential method to Eq. (1). The differential form describing the metric vector function
of Eq. (1) is written:

dx, = dx, +dx, + dx; +dx, + dx, (2)

Since the metric tensor function is the outer product of two metric vectors, the
formula for the metric tensor function is expressed in [9]:

dx®dx =n*"dx, dx,

3
(dx)* =7 dx, dx, ©)

uv
Where, the metric contravariance tensor 77 in the matrix representation is in the

form of:

77” = : (4)

Based on Eq. (3), the metric tensor form of Eq. (2) can be formulated:
(dx; )2 = (dx1)2 +(dx2)2 +(dx3)2 +(dx, )2 +(dx )2 (5)

Then, the radius quantity of an isotropic sphere in 5 spatial dimensions can be
represented as:

RP=x> 4+ + X, +X + X (6)
By using the differential method of Eq. (6), a mathematical form is found:
0 = xdx, + xdx, + xdx, + xdx, + xdx, (7)

Eq. (7) can be rewritten as:

X, 0%, + X,dX, + X;dX, + x,dX,

dx; = (8)

Xs
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Then, the results of the integral evaluation of Eqg. (8) namely:

Y I R YRS o

By substituting Eq. (9) into Eq. (5), we find the metric tensor of the FLRW universe
in Cartesian coordinates:

(dx )" = (dx, )" +(dx,)* +(dx, )" +(dx,)* + 1 [id (x, )2} (10)

(2xs )2

Spherical Coordinate Transformation Invariance
To get the transformation result from Eq. (10) in the form of a metric tensor in
spherical coordinates, that is, it departs from the formulation of the fundamental

transformation:

X, =rsingcosgcosa
X, =rsingsingcosa 11
X; = cos@dcosa

And:

r2=(x) +(%) +(%) +(x) (12)

Then, for the formulation of transformation x, to spherical coordinates, starting

from a 4-dimensional spatial vector function in Cartesian coordinates [10]:
2 2 2 2 2
(%) =)+ (%) + (%) +(x) (13)
By substituting Eqg. (11) into Eq. (13), it is obtained:

(%) =(rsin@cosgcosa)’ +(rsindsingcosa)’ +(rcosdcosa)’ +(x,)’

(14)

Based on Eq. (12) and Eq. (14) which is simplified by using the trigonometric
theorem, a mathematical formulation is found:
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r’ =r?cos® a[sin® 6(cos® ¢ +sin® @) + cos” 0] + (x4)2
r* =r?cos’ a(sin’ @ + cos’ 6) +(x4)2 (15)

r2 =r?cos’ a +(x, )’

After the two sides are reduced by the term r’cos®6, we find the transformation
form for the extra dimension x4 to the following spherical coordinates:

(%) =r?@-cos’ a)
(%) =r’sin’a (16)
X, =rsina

Then, by differentiating Eqg. (11) and Eq. (16), we find the following line elements:

dx, =sin@cosgcosa dr +rcosédcosgcosa db

17
+(=rsingsingcosa) d¢g + (-rsindcosgsina) da ()
dx, =sindsingcosa dr +rcosédsingcosa do (18
+rsingdcosgcosa dg+ (—rsin@singsina) da
dx, =cos@cosa dr +(-rsindcosa) db
: (19)
+(-rcosésina) da
dx, =sina dr +rcosa da (20)

Based on the mathematical axiom of Eq. (3), the metric tensor function in
spherical coordinates is given by the following set of formulations:

(dxl)2 =sin” @cos” ¢cos® ar dr® +r® cos® @cos” pcos’ o dO?
+r?sin® @sin® gcos’ a dg” +r’ sin® @cos® gsin’ o da’
—2rsin® #cos® gsinacosa drde —2r? sin @ cos @cos’ ¢gsinacosa dfda
—2rsin® @sin ¢cos ¢ cos’ a drdg — 2r?sin &cosfsin ¢cos gcos’ o dOdg
+2rsin @ cos @sin ¢ cos g cos’ o drd@
@21
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(dx, )2 =sin’ @sin® gcos® o dr? +r’ cos’ #sin’ ¢cos’ o d?
+r%sin* @cos® gcos” a dg” +r’ sin® @sin® gsin® a da®
—2rsin’ @sin® gsinacosa drda —2r° sin@cosdsin® gsina cosa ddda
+2rsin® @sin gcosgcos’ a drdg + 2r’ sin @ cos @sin ¢ cos ¢ cos* o ddd ¢
+2rsin@cos@sin® gcos’ a drd@ — 2r*sin® @cos fsin pcosgsina cosa dgda

(22)
(dx,)° = cos® @cos? & dr? + r?sin® @cos a d6? +r? cos® fsin® @ da?
—2rsin@cos@cos’ o drd@d — 2r cos’ sin e cos o drda
+2r’sin@cosdsinacosa dfda
(23)
(dx, )’ =sin? @ dr? +r?cos? @ da? + 2rsindcosa drda
(24)

Then, by substituting Eq. (11), (16), (21-24) into Eq. (10), we get the formalism of
the metric tensor in the following simplification results:

(dx )" = RZ(t)[

dr? +r®cos® asin® @ d¢* +r® cos’ a d6° +r? da? (25)
1-Mr?

Where:
R =1+ (%)’ (26)
And the curvature constant M which represents the shape of the space:
1 <> Positive Curvature Space

M =< 0 <> Flat Space (27)
-1 < Negative Curvature Space

The relation between Eq. (25) and Eq. (27) is obtained from positive R in Eq. (6)
which can be converted into negative R* If M = 0 is determined, then a 4-dimensional
isotropic spherical system is found immersed in a 5-dimensional Euclid system. Then to
couple the temporal dimension with the spatial dimension, which is based on
Minkowski's flat spacetime metric in the 4+1 dimension [9]:

(ds)” = —(c dt)” +(dx)’ (28)
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By substituting Eq. (25) into Eq. (28), we find the metric of the universe FLRW in
the spacetime dimension 4+1 at the spherical coordinates:

(ds)’ =—(cdt)’ + Rz(t){# dr® +r?(cos® asin® @ d#” +cos’ @ d6” +da’ )}
+Mr

(29)
RESULT

This formalism yields the parameters R(t) and M, which are the cosmic scale factor
and the spatial curvature constant. For this context, the cosmic scale factor R(t) is the sum
of the radius r? of the spatial 4-dimensional system with the radius quantity in the spatial
dimension (xs)?, and the cosmic scale factor R(t) is a time-evolving quantity. The first
significant difference between the metrics of the FLRW universe in dimensions 3+1 and
4+1 lies in the scale factor R(t). The scale factor R(t) in dimension 3+1 satisfies r* + (xa)?,
with the definition of radius r? as (x1)? + (x2)°+ (x3)* [8]. Meanwhile, the scale factor R(t) in
the 4+1 spacetime dimension fulfills Eq. (26). Therefore, the scale factor R(t) can be
interpreted as a radius quantity with a dimension that is relatively higher than the FLRW
metric spatial dimension, to parameterize the radial evolution of the universe. In other
words, metric expansion or contraction remains valid in the 4+1 dimension. Based on the
pattern of comparisons between the 3+1 and 4+1 dimensional metrics, it might be
intuitive to expect that in the other higher dimensions the evolution of the metric will
hold over time. The second significant difference lies in the R°r*da? term in Eq. (29), where
the R’r’da? term only exists in the 4+1 spacetime dimension. It means that there is a
radius quantity in the extra dimension doa? which is orthogonal to the other dimensions.
The final significant difference between the metric of the FLRW universe in the
dimensions 3+1 and 4+1 is at the angle cos?a formed by the extra dimension do? with
dimension d¢? and dimension d6°. Where this does not exist in the 3+ 1 dimension. Based
on the results of formalism, the addition of this dimension does not have an impact on
the curvature constant of space M. In other words, the curvature constant of space M
applies generally to each dimension.

CONCLUSION

Based on the results obtained from this research, it can be concluded that the
addition of dimensions in the metric formalism of the FLRW universe has an impact on
the radius r* in the scale factor R(t) which experiences an increase in the radius (xs)?
quantity. Thus, it has implications for the dimension of the cosmic scale factor which will
always be relatively higher than the spatial dimension of the metric tensor. In other
words, the expansion or contraction of the FLRW universe model remains valid in high
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dimensions. Also, the metric tensor of the FLRW universe has the addition of the extra-
dimensional term R°r’da? and the angle cos?a which are formed by the extra dimension
do? with dimensions d¢? and dimensions d6% As an application of this 4+1 dimensional
FLRW universe metric, it can be used as an asymptotic spacetime for the 4+1 dimensional
Schwarzschild spacetime and the 4+1 dimensional Reissner-Nordstrom spacetime.
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